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Abstract
We consider an continuous-time quantum walk on triple graphs with a potential well
in one of the terminal sites on the main chain and study its dynamical properties in
the open system by introducing a ‘spontaneous damping’ process between the
terminal site and its nearest neighbour one. Calculating the stable probability of the
terminal site and the time evolution of probabilities of the other sites on the main
chain, we show that the system can manifest the factorization and coherence
protection phenomena when the length and position of the side chain satisfy some
concrete conditions. Furthermore we investigate the eﬀect of disorder on the
hopping strength and show that the existence of the disorder can destroy the
coherence protection phenomena and increase the stable probability of the terminal
site on the main chain.
Keywords: Quantum walk; Factorization eﬀect; Disorder

1 Introduction
Since quantum walk was proposed as the quantum mechanical counterpart of the classical
random walk [1], it has received increasing attention in recent years due to its potential
applications in many ﬁelds. For example, the quantum walk can not only provide us a simple model for study of coherent quantum eﬀect in physical systems [2] but also oﬀer us
an advanced tool for quantum simulations [3, 4] and quantum algorithms [5–7]. As we
know, unlike the classical random walk that is formulated by the evolution of probability,
the quantum walk is formulated by the evolution of probability amplitude. Then in comparison to classical random walk, the quantum walk will diﬀuse faster than the classical
random walk due to the existence of interference eﬀects, which implies that the quantum
walk has more advantages at certain search algorithms [6, 8, 9].
According to the type of walking, the quantum walk can be divided into two main
classes: discrete-time quantum walk and continuous-time quantum walk. Unlike the
discrete-time quantum walk, the continuous-time quantum walk [10] can be realized
through continuous tunneling between neighbour sites but does not need a quantum coin
to generate a superposition state for each step. So the continuous-time quantum walk can
be implemented in many conventional lattice system and easily used to simulate some
quantum eﬀects of those lattice systems. For example, we found the switching eﬀect of
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the side chain on quantum walks on triple graphs in our early work [11] where we did not
focus the dynamical features of each site but only investigated the interchange of probabilities between the two parts of main chain for a closed system. As we aware, the dynamical
features of each site on continuous-time quantum walks are also fascinating which are
mainly determined by the type of graph for closed systems [12–22], whereas, for open
systems the propagation features are aﬀected not only by the type of graph but also by the
coupling with the environment. Therefore, in this paper we construct an open quantumwalk system on a triple graph with a potential well in one of the terminal sites on the main
chain and study its dynamical properties. We calculate the stable probability of the terminal site and the time evolution of probabilities of each point on the left part of the main
chain, and ﬁnd that the stable probability of the terminal site can sensitively reﬂect the relation between the length and the position of the side chain. The system can manifest the
factorization and coherence protection eﬀect when the length and the position of the side
chain satisfy some concrete conditions. Furthermore, we investigate the eﬀect of disorders
on hopping strength and show that the existence of disorders can destroy that factorization and coherence protection eﬀect. The results exhibit the potential application of the
continuous-time quantum walk on the quantum simulation and are expected to enlighten
the design of new detection advices.
This paper is organized as follows. In the next section, we model the continuous-time
quantum walk system on a triple graph and give the Lindblad equation with considering
a ‘spontaneous damping’ process between the terminal site with a potential well and its
nearest neighbour one. In Sect. 3, with the help of the Lindblad equation we study the dynamical features of the system, and show that the system can exhibit the factorization and
coherence protection phenomena when the length and position of the side chain satisfy
some concrete conditions. In Sect. 4, we study the eﬀect of disorders of hopping strength
on the factorization and coherence protection phenomena and ﬁnd that the existence of
disorders can destroy the factorization and coherence protection phenomena. In the last
section, we give a brief summary.

2 Modelling quantum walk in open system
We consider a continuous-time quantum walk of single particle on the following triple
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graph.
The graph contains a main chain of N points labeled by 1, 2, . . . , N , and a side chain of
S points labeled by N + 1, . . . , N + S, where the side chain is connected to the lth point
on the main chain. So the side chain divides the main chain into two parts, the left chain
and the right chain. There is a potential well in the N th point which is noted in solid
circle on the above graph. For convenience, the N th point is called as sensor point in the
following discussion because its stable probability can sensitively reﬂect the relation of the
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position and the length of the side chain, i.e., the relation of the two integers l and S. Then
the Hamiltonian describing the continuous-time quantum walk on such a graph can be
written as

H = –J

N–1

j=1

|jj + 1| – J

N+S–1


|jj + 1|

j=N+1



+ J|lN + 1| + γ |NN| + h.c.,

(1)

where |j denotes a state that the particle occupies the jth point on the graph, J the hopping
strength between the nearest points, and γ the potential energy of the sensor point.
Since there is an energy diﬀerence between the sensor point and its nearest neighbour
one, it is reasonable to introduce an extra ‘spontaneous damping’ from the state |N – 1 to
the state |N. The ‘spontaneous damping’ can cause the particle in the (N – 1)th point to
drop down into the sensor point emitting a piece of energy. Then the dynamical property
of the quantum walk we considered can be determined by the Lindblad master equation
[23, 24]



d
ρ(t) = –i H, ρ(t) + λ 2Lρ(t)L†
dt

– L† Lρ(t) – ρ(t)L† L ,

(2)

where ρ(t) = j,k ρjk |jk| with j, k = 1, 2, . . . , N, N + 1, . . . , N + S denotes the density matrix of the system, L the lindblad operator to characterize the ‘spontaneous damping’, and
2
λ = 2(γγ2 +1) the ‘spontaneous damping’ strength. Here the matrix elements of the Lindblad
operator L are zeros except for LN–1,N = 1 because there is only one energy diﬀerence between the sensor point and its nearest neighbour one. Now we construct a quantum-walk
system coupling with a certain environment by considering the ‘spontaneous damping’
process between the senor point and its nearest neighbour one.
We know that the existence of the side chain can make the quantum-walk system exhibit some novel phenomena, such as switching eﬀect [11], even if the quantum walk on
the triple graph is considered in a closed system. Note that considering the ‘spontaneous
damping’ process between the senor point and its nearest neighbour one equals to construct a quantum-walk system coupling with a certain environment, which must make the
system exhibit more fascinating propagation properties. In the following discussion, our
main purpose is to ﬁnd how the length and position of the side chain inﬂuence the stable
probability of the sensor point. And we further expect that such an open quantum-walk
system can be used to simulate the relation between two integers (i.e., l and S), which
maybe helpful for new detection devices.

3 Dynamical features and factorization effect
Let us assume that the particle is located in the ﬁrst point on the main chain at the initial
time and solve the master equation (2) numerically to investigate the dynamical features of
the system. The results show that the probability of the sensor point will reach the stable
value that depends on both the position and the length of the side chain. Whereas, the
probabilities of certain points on the left chain may always oscillate with time when the
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position and the length of the side chain satisfy some concrete conditions, which implies
that the existence of the side chain may protect the coherence of the system.

3.1 The case of even l
Now we are in the position to consider the case that the side chain is connected to the point
of even number on the main chain (i.e., l is even). In this case, the stable probability of the
sensor point is aﬀected obviously by the ratio of l and S + 1. Taking l = 6 as an example, we
plot time evolutions of probability of the sensor point for diﬀerent S in Fig. 1. From this
l
ﬁgure, we can see that the stable probability of the sensor point for the case of S+1
being
an integer is smaller than that for the other case (i.e., l is not divisible by S + 1). When l
l
l
is divisible by S + 1, ie, S+1
is an integer, the larger the value of S+1
, the larger the stable
l
probability of the sensor point is. And for the case of S+1 being not an integer, if l and S + 1
have common divisors larger than 1, the stable probability of the sensor point is smaller
than that for the case that l and S + 1 have no common divisors larger than 1.
Except for the probability of the sensor point, the time evolution of probabilities of
l
points on the left chain is also investigated. First let us see the case of S+1
being integers whose corresponding results are plotted in Fig. 2. From Fig. 2 (a) and (b), we can ﬁnd
that for the case of S = 5 all the probabilities of points on the left chain always oscillate
with time, and for the case of S = 2 the probabilities (P1 , P2 , P4 and P5 ) of the points 1,
2, 4, and 5 oscillate with time but the probability P3 can reach a very small stable value.
Note that for such two cases the phases of the oscillations are not the same, and the phase
diﬀerence is about π . This implies that the particle is diﬃcult to propagate to the sensor
point due to the interference cancellation, which conﬁrms the results in Fig. 1 where the
stable probabilities of the sensor point for S = 2 and S = 5 are smaller than that for the
other S. Whereas, for the case of S = 1 shown in Fig. 2 (c), the probabilities of all points
on the left chain can reach stable values and there is no interference cancellation, so the
stable probability of the sensor point for S = 1 is larger than that for S = 2 and S = 5. In
Fig. 3, we plot the time evolution of probabilities of points on the left chain for the case
l
of S+1
being not integers. For such a case, we can see that the probabilities of all points
on the left chain can reach stable values no matter what the value of S is. Meanwhile, for
the case of l and S + 1 having no common divisors larger than 1 (i.e., the case in Fig. 3 (a))
the probability of points on the left is much smaller than that for the case of l and S + 1
having common divisors larger than 1 (i.e., the case in Fig. 3(b)). This conﬁrms that the

Figure 1 Time evolution of the probability of the
sensor point for the case of l = 6 N = 10. The
parameter γ = –4J
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Figure 2 Time evolution of the probability of the points on the left chain after the probability of the sensor
point reaches its stable value for the case of l = 6, S = 5 (a), l = 6, S = 2 (b), and l = 6, S = 1 (c). The parameter is
γ = –4J

Figure 3 Time evolution of the probability of the points on the left chain after the probability of the sensor
point reaches its stable value for the case of l = 6, S = 4 (a), and l = 6, S = 3 (b). The parameter is γ = –4J
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stable probability of the sensor point for the case of S = 3 is smaller than that for the case
of S = 4 given in Fig. 1.
According to the above discussion, we know that for the side chain of certain sides the
probabilities of some points on the left chain always remain oscillation although the ‘spontaneous damping’ is considered. Such oscillation depresses the propagation of the particle
to the sensor point due to the interference cancellation. In order to characterize the dependence of the stable probability of the sensor point on the side chain, we introduce the
concept of point kernel. The probability summation of the points in the point kernel can
reach a stable value although the probability of each point in the point kernel always oscillates with time. The results are shown that the existence of the point kernel can depress
the stable probability of the sensor point and the more points the point kernel contains,
the smaller the stable probability of the sensor point is. The graphs describing the point
kernel are plotted in the appendix. From Fig. 7, we can ﬁnd that the graph can form point
l
being integers, which is marked with dash rings. Whereas, if
kernel with S points for S+1
l is not divisible by S + 1, the point kernel with only one point can be formed for the case
of l and S + 1 having common divisors larger than 1 but there are no point kernels for the
case of l and S + 1 having no common divisors larger than 1 (see Fig. 8 in the appendix).
This is agreeable with the results in Fig. 1.

3.2 The case of prime l
For the case of the side chain connecting to the point of prime number on the main chain
(i.e., l is prime), the probability of the sensor point can exhibit diﬀerent features in comparison to the case of l being even. In this case, taking the case of l = 7 as an example, we
plot the time evolution of the probability of the sensor point for the side chain with diﬀerent number of points in Fig. 4. From this ﬁgure, we can see that the stable probability of
the sensor point is always large and that almost does not change with the value of S except
for the case of l = S + 1.
In Fig. 5, we plot the time evolution of probabilities of the points on the left chain for the
cases of S = 6 and S = 2. From Fig. 5 (a), we can ﬁnd that for the case of l = 7 and S = 6 the
probabilities of all points on the left chain oscillate with time and their summation remains
stable when the probability of the sensor point reaches its stable value. For this case, all
the points on the left chain form a point kernel (see Fig. 9 (a)). Just like the discussion in
Sect. 3.1, the interference cancellation of the probability oscillations makes the particle

Figure 4 Time evolution of the probability of the
sensor point for l = 7. The parameter is γ = –4J
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Figure 5 Time evolution of probabilities of the points on the left chain after the probability of the sensor
point reaches its stable value for the case of l = 7, S = 6 (a) and l = 7, S = 2 (b). The parameter is γ = –4J

diﬃcult to propagate to the sensor point. Whereas, for the other cases, i.e., l = S + 1, there
is no point kernel formed in the graph so that the probabilities of all points on the left chain
can reach stable values such as the results shown in Fig. 5 (b). So the stable probability of
the sensor point for the case of l = S + 1 is obviously smaller than that for the other cases,
i.e., l = S + 1. According to the above discussion, we can conclude that the stable probability
l
of the sensor point is obviously aﬀected by S+1
no matter whether l is even or prime. The
l
graph can always form point kernel for both even l and prime l when S+1
is integer. For
this case, the stable probability of the sensor point is much smaller than the case of l being
not divisible by S because the interference cancellation of probability oscillations of the
points on the left chain makes the particle diﬃcult to propagate to the sensor point. Note
that in comparison to the case of even l, for the case of prime l the graph can not form
l
point kernel with only one point (see Fig. 9 (b)) when S+1
is not integer. This conﬁrms the
results in Fig. 4 where is shown that the stable probability of the sensor point does not
change with the value of S except for the case of l = S + 1.

4 Hopping strength disorder
We know that random disorders in quantum walk can bring in the fascinating theoretical
eﬀects [25–27], and can also provide additional tools in constructing quantum walks for
particular applications [28]. Now we will investigate the eﬀect of random disorders on
the stable probability of the sensor point by introducing a random ﬂuctuation into the
hopping strength, i.e., J = J̄ + δJ. Here J̄ denotes the average value of the hopping strength
and δJ the random ﬂuctuation with δJ  J̄. We randomly choose a large number of δJ and
calculate the time evolution of the density matrix ρ(t) for each random δJ, respectively,
and then obtain the average time evolution of the density matrix ρ̄(t) by calculating the
average value of that ρ(t). Some results are plotted in Fig. 6.
In Fig. 6, we plot the dependence of the stable probability of the sensor point on the number of points of the side chain for l = 8 and l = 7. From Fig. 6, we can see that the existence
of the disorder can make the stable probability of the sensor point become larger obviously
l
if S+1
is an integer with S larger than 1, but the eﬀect of the disorder on the stable probability of the sensor point is negligible for the other cases. From the discussion in the above
l
section, we know that for the case of S+1
being integers and S larger than 1, the system
can not be decoherent completely if the disorder is not considered. Then the probability
of some points always remains oscillation which can depress the stable probability of the
sensor point due to their interference cancellation. Once the random disorder on the hopping strength is considered, it can destroy the remained coherence and the interference
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Figure 6 Dependence of the stable probability of the sensor point on the number of points of the side chain.
The parameter is l = 8 (a) and l = 7 (b). The triangle refers to the results for the case of considering disorder
l
and the square to the results for that of no disorder. The hollow triangle and square refer to the case of S+1
being integers with S larger than 1

cancellation disappears, then the particle become easier to propagate to the sensor point
whose stable probability becomes larger. Whereas, for the other cases the system can be
completely decoherent by the ‘spontaneous damping’ even if there is no disorder on the
hopping strength considered. So the decoherence eﬀect of the disorder does not exhibit
and the stable probability of the sensor point can not be changed obviously.

5 Conclusion and discussion
We considered a continuous-time quantum walk on a triple graph where there is a potential well on the last point (called as sensor point) on the main chain. Then we constructed an open quantum-walk system coupling with a certain environment by considering a ‘spontaneous damping’ between the sensor point and its nearest neighbour one. We
studied the dependence of the length and position of the side chain on the stable probability of the sensor point, and showed that one can simulate the relation of two integers
by the continuous-time quantum walk on a triple graph we considered. Additionally, we
studied the time evolution of probabilities of the points on the left chain and found that the
l
existence of the side chain can protect the coherence of the system for S+1
being integer
and S larger than 1. So that the quantum-walk system always remains partial coherence
even if we considered the ‘spontaneous damping’ process. For such a case, the particle is
diﬃcult to propagate to the sensor point due to the interference cancellation, so the stable
probability of the sensor point is smaller obviously than that for the other cases. Such a
coherence protection eﬀect of the side chain can aﬀect the stable probability of the terminal site obviously and may be used to increase the coherence time in quantum simulation.
This can be analogous to that the entanglement protection eﬀect can improve the eﬃciency of quantum simulation in digital quantum computing paradigm [29] that has more
advantages in quantum error correction. Note that in Ref. [30] the authors showed that
the quantum-walk system can be used to construct an X-gate of a single qubit as well as
a control gate of two qubits in some concrete conditions, which implies that the quantum
walk has relationship with the digital-analog quantum simulations. Meanwhile, we investigated the eﬀect of the disorder on the hopping strength, and showed that the existence
l
of the disorder can obviously increase the stable probability of the sensor point if S+1
is
an integer and S larger than 1, but the eﬀect of the disorder on the stable probability of
the sensor point is tiny for the other cases. In a word, we studied the dynamical properties
of the continuous-time quantum walk on a triple graph and showed that such a system
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can be used to detect the factorization eﬀect. The results are expected to enlighten the
design of new detection devices which are based on the quantum algorithm but not on
the classical one.
Since the open quantum-walk system we considered can exhibit the above novel features, we expect that can be observed in experiment and even can lighten one to design detection devices. As we know the quantum walk has been realized in many systems, such as
cold atoms [31], superconducting circuits [32] and photons [33] where the quantum walk
were investigated without the coupling with the environment. Whereas, in Ref. [34, 35]
the quantum walk with decoherence was studied experimentally in cold atom and photon
system, respectively, which implies that the open quantum-walk system we constructed
theoretically may be realized in experiment.

Appendix: Graphs describing the shape of point kernels
Graphs describing the shape of point kernel are plotted, where the point kernel is marked
with the dash ring.
l
being integers with even l, the graph can form point kernels with S points. In
For S+1
Fig. 7, we plot an example of l = 6 and S = 1, 2, 5, which is shown that the two nearest point
kernels on the left chain must be separated by a point with stable probability, such as the
third point in Fig. 7 (b), and the connection point l must be adjacent to a point kernel on
the main chain and side chain, respectively. Note that for the case of S = 1, we think that
the graph forms point kernel with only one point. Due to the fact that the total probability
of points in the point kernel should reach a stable value, the probabilities of all points on
l
the left chain can reach stable values although S+1
is integer (see Fig. 2 (c)). In Fig. 8, we
l
plot the shape of point kernels for the case of S+1 being not integers with l = 6. Here for
S = 4, i.e., l and S + 1 have no common divisors larger than 1, the graph can not form point
kernel, but for S = 3, the graph can form point kernel with one point.

Figure 7 Graphs for the case of l = 6, (a) S = 5, (b) S = 2 and
(c) S = 1

Page 9 of 12

Zhu et al. EPJ Quantum Technology

(2021) 8:10

Figure 8 Graphs for the case of l = 6, (a) S = 4 and (b) S = 3

Figure 9 Graphs for the case of l = 7, (a) S = 6 and (b) S = 2

For the case of prime l, the graph can form point kernel with S points only when l = S + 1.
Taking l = 7 as an example, we plot the graph describing the shape of point kernels in Fig. 9
which is shown that for S = 6 the graph can form point kernel with 6 points but for S = 2
there is no point kernels formed.
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