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Abstract
In order to qualify quantum algorithms for industrial NP-Hard problems, comparing
them to available polynomial approximate classical algorithms and not only to exact
exponential ones is necessary. This is a great challenge as, in many cases, bounds on
the reachable approximation ratios exist according to some highly-trusted
conjectures of Complexity Theory. An interesting setup for such qualiﬁcation is thus
to focus on particular instances of these problems known to be “less diﬃcult” than
the worst-case ones and for which the above bounds can be outperformed: quantum
algorithms should perform at least as well as the conventional approximate ones on
these instances, up to very large sizes. We present a case study of such a protocol for
two industrial problems drawn from the strongly developing ﬁeld of smart-charging
of electric vehicles. Tailored implementations of the Quantum Approximate
Optimization Algorithm (QAOA) have been developed for both problems, and tested
numerically with classical resources either by emulation of Pasqal’s Rydberg atom
based quantum device or using Atos Quantum Learning Machine. In both cases,
quantum algorithms exhibit the same approximation ratios as conventional
approximation algorithms or improve them. These are very encouraging results,
although still for instances of limited size as allowed by studies on classical computing
resources. The next step will be to conﬁrm them on larger instances, on actual
devices, and for more complex versions of the problems addressed.

1 Introduction
In the quest for a quantum advantage, situating quantum algorithms and technologies
with respect to classical approaches for solving NP-hard problems is a key question. Seminal works from Shor and Grover were a major breakthrough in this perspective in the
early developments of quantum computing. Based on the theoretical model of quantum
computation, they developed quantum algorithms that provide respectively an exponential speed-up for integer factorization [1], and a quadratic speed-up on exhaustive search
in an unstructured database [2], a principle applicable to any NP problem providing at
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most such a speed-up in terms of query complexity [3, 4]. However, implementing these
algorithms requires fault-tolerant quantum machines handling a large number of qubits,
which have yet to be built.
While many technological obstacles currently impede the creation of such machines, experimental physicists have been capable of controlling quantum systems precisely enough
to simulate complex many-body quantum systems. These quantum devices present strong
quantum properties and oﬀer scientists a control on the quantum aspects of physical systems. They can have sizes of several hundreds of quantum particles, and because of the
unavoidable coupling between the system and its environment, these quantum platforms
fall in the category of Noisy Intermediate Scale Quantum (NISQ) devices [5]. Among
them, there is a strong belief that Analog Quantum Simulators (AQS) can perform speciﬁc tasks intractable for classical computers in polynomial time, such as the dynamical
simulation of strongly interacting quantum Hamiltonians [6, 7], and it is expected that
AQS will be among the ﬁrst to propose useful applications in the short-term [8]. Lately,
there has been growing interest in knowing if the quantum characteristics of these devices
can be steered towards outperforming classical computers on industry-relevant tasks. An
active ﬁeld of research is currently guided towards combinatorial optimization, where the
Hilbert space spanned by the many-body quantum system is used to eﬃciently encode a
high-dimensional discrete problem.
In this context, algorithms that can run on such NISQ devices have been developed.
Quantum Annealing [9], the Quantum Adiabatic Algorithm [10], and the Quantum Approximate Optimization Algorithm [11] are among the most promising ones. A better
understanding of the performances of these approaches on industrial NP-hard problems
is of great interest, both for quantum computing adoption and for the application domains
concerned.
Approximate results are of great interest for practical applications, speciﬁcally industrial ones where a close-to-optimal solution is of signiﬁcant value when exact solutions
are unreachable due to exponential conventional computing time. Interestingly, some NPhard problems are easier to approximate than others. For example, while the 0/1-Knapsack
problem is NP-complete, it admits a fully polynomial-time approximation scheme (PTAS)
[12]. To grasp the performances and the quality of solutions provided by NISQ algorithms,
we must rigorously compare them to their approximate classical counterparts. Determining where quantum approaches sit in the approximation complexity landscape is key in
understanding their potential for practical problems. One should be aware that for some
NP-hard problems bounds have been proven on these ratios which cannot be exceeded by
classical algorithms unless some very strongly-believed conjectures of Complexity Theory
would be broken; thus, improving these ratios beyond these bounds in these cases would
establish a quantum supremacy for solving some NP-hard problems. Another desirable
scenario is that quantum approaches ﬁnd comparable approximation ratios as classical
algorithms but faster or at a lower cost, which would already provide signiﬁcant value for
industries.
Taking this latter point into consideration, an interesting workout for qualiﬁcation of
quantum approaches is to focus on particular instances of NP-Hard problems known to
be “less-diﬃcult” than the worst-case ones, in the sense that approximation algorithms do
exist for them that could outperform the above bounds, which are precisely established
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for the worst-case instances: our quantum algorithms should perform at least as well as
the conventional approximate ones on these instances, up to very large sizes.
In this article, we present and discuss a case study based on this protocol, for two problems drawn from the rapidly growing sector of smart-charging of electrical vehicles in
which EDF, the French utility for electricity production and supply, is strongly involved.
Once appropriately modeled, these problems appear as classical NP-hard graph theory
problems, Max-k-Cut and Maximum Independent Set (MIS) respectively. To solve these
problems, we develop dedicated extensions of the Quantum Approximate Optimization
Algorithm (QAOA) [11, 13]. Besides providing numerical results evaluating the performances of these approaches on real data sets of electrical vehicle loads, the aim of this
paper is to illustrate practical issues faced when trying to address real industrial problems with available NISQ frameworks. In particular, achieving good performances with
quantum approaches requires the design of hardware-eﬃcient procedures, that exploit
the strengths of a given quantum processor. In this framework, hardware and software
are jointly developed in order to optimize the execution of the overall implementation.
Among the variety of platforms that are currently being investigated, programmable arrays of single neutral atoms manipulated by light beams appear as a very powerful and
scalable technology to manipulate up to a few thousands qubits [14–16]. For the problems under consideration, we provide some implementation details on such platform as
developed and commercialized by the company Pasqal.
The paper is organized as follows: Sect. 2 describes the smart-charging of electrical vehicles problems (SC1) and (SC2) which serve as use-cases; Sect. 3.2 and 3.3 present the
extension of QAOA to Max-k-Cut and the implementation of the approach proposed in
Ref. [13] to solve MIS, respectively; Sect. 4 is dedicated to our results and Sect. 5 to conclusions and further works. Complementary material is presented in the Appendix.

2 Two smart-charging problems and their modeling as NP-hard problems
Electric Mobility will admittedly play a key role in solving major environmental and public
health problems in the next decades. It should indeed participate in reducing greenhouse
gas and ﬁne particles emissions. Besides, the use of vehicle batteries both as energy storage and power supply devices (“Vehicle to Grid” or “V2G”) could signiﬁcantly improve
the ﬂexibility of the electric system, reducing the use of fossil fuels during high-peak in
demand, assuming the energy stored in the batteries comes from renewable resources.
Many diﬃcult problems lie ahead of this scheme, related to the optimal management
of the electric system in terms of cost while satisfying various hard technical constraints.
These include, among others, the modulation of electricity demand taking into account
the potentially high demand speciﬁc to electric vehicle loads, the needs of electric vehicle
users, and the availability of buﬀer required to guarantee the frequency stability of the grid.
“Smart-charging” refers to the process of optimally managing the charge and discharge of
electrical vehicles in this framework. It appears as a mandatory condition to allow electric
mobility expansion.
Many such problems take the form of typical scheduling and Operational Research problems. They are large sized combinatorial optimization problems, many of them known to
be NP-hard/complete.
The following sections describe two samples of these problems, and their modeling for
quantum resolution.
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2.1 Vocabulary and common hypotheses
Both problems will be tackled under the following assumptions:
• A load station is made up of several charging points, each of them loading at most a
single electric vehicle (EV) at a given time step;
• The charging points are parallel identical machines that supply the same power. The
charging time of a given EV is thus independent of the charging point it is scheduled
on;
• We consider neither additional job characteristics and constraints (release/due dates,
charging proﬁle imposed by the battery state) nor global resource constraints on the
load station (maximal power deliverable at a given time step);
• Preemption is not allowed: a load task cannot be interrupted to be resumed later, on
the same charging point or another one.
2.2 Minimization of total weighted load completion time (SC1) and Max-k-Cut
We consider J = {1, . . . , n} charging jobs of n EVs with durations T = {t1 , . . . , tn }, to be
scheduled on a set I = {1, . . . , k} of k charging points. An integer weight wj > 0 is associated to each job j, measuring its importance. For example, we might want to prioritize
the charge of emergency vehicles. The time at which a load j ends, called the completion
time is noted Cj and we want to minimize the weighted total time of completion of the

charges j∈J wj Cj .
(SC1) is a classical scheduling problem known to be NP-hard in the general case, polynomial on a single machine or without priorities/weights attached to the jobs [17]. If the
number of machines m is ﬁxed, (SC1) is NP-hard in the weak sense that it can be solved
by pseudo-polynomial algorithms,1 typically based on dynamic programming. In the case
where m is not ﬁxed, (SC1) is NP-Hard in the strong sense, meaning that no such pseudopolynomial algorithm exists except if P = NP.
Diﬀerent approximation approaches have been studied for (SC1), until some PTAS in
the general case and FPTAS2 in the weakly NP-Hard variant were established [18–21].
Interestingly for our purpose, some of these approximation approaches were based on
the reformulation of (SC1) as a weighted Max-k-Cut problem, a problem that can be tackled by the Quantum Approximation Optimization Algorithm (QAOA), at least in its k = 2
set up i.e. Max-Cut.
Consider the complete graph G = (V , E) whose vertices V correspond to the n jobs in
J, and with a weight assigned to each edge (k, j) in E deﬁned by wkj = min{wk tj ; wj tk }. The
maximal k-cut of this graph provides with the optimal allotment of the n jobs to the k
machines. Informally, this relies on the well known “Smith Rule” [22] stating that once
jobs have been assigned to machines, the optimal scheduling is given by executing them
w
in the non-increasing order deﬁned by the ratio tjj . On this basis, minimizing the weighted
total completion time of the tasks can be shown to be equivalent to maximizing the above
weight on crossing edges between the subsets of a m-partition of V [18, 19].
For both Max-Cut and Max-k-Cut, known polynomial randomized approximation algorithms obtain high approximation ratios C/Copt —where C represents the average value of
1

An algorithm is said to be pseudo-polynomial if it is polynomial in the numeric values of its data, but super-polynomial
in the length of their binary encoding.

2

A Polynomial Time Approximation Scheme (PTAS) is a family of ε -parametrized polynomial algorithms allowing to approximate optimal solutions “arbitrary closely” by a factor of (1 – ε ), ε > 0. When the algorithms are also polynomial in
their parameter ε , one talks of Full Polynomial Time Approximation Scheme (FPTAS)

Page 4 of 27

Dalyac et al. EPJ Quantum Technology

(2021) 8:12

the solution provided by the algorithm and Copt the optimal one –, namely 0.878567 [23]
and (1– k1 +2 lnk 2k ) [24], respectively (the latter is improved for small values of m in Ref. [25]).
Moreover, improving these ratios is proved to be NP-Hard, unless some highly-believed
conjectures of Complexity Theory would be false. In the case of Max-Cut, improving the
= 0.941176) is NP-Hard [26] and thus out
approximation ratio from 0.878567 up to ( 16
17
of reach of any polynomial classical algorithms unless P = NP, as it is to increase the ratio upon 1 – 1/34k for Max-k-Cut [27]. Likewise, both problems are APX-Hard and thus,
unless P = NP, they have no PTAS [24, 28]. Finally, tighter results were proven under the
“Unique Games Conjecture”, namely that improving the above original ratios for Max-Cut
and Max-k-Cut established in Ref. [23] and Ref. [24] is NP-Hard [29].
This means that such improvements by some quantum algorithms would establish a
“quantum supremacy” on NP-Complete problems, unless these conjectures turn out to be
false, which is considered unlikely. Here, we do not aim at achieving such an approximation ratio improvement with quantum algorithms in the general/worst-case. Alternately,
we analyze their performances on some graphs drawn from real-world problems considering the performances obtained by the best-known randomized approximation classical
algorithms. We observe that QAOA outperforms Goemans and Williamson ratio on these
particular instances of Max-Cut. Similar results were observed in Ref. [30] on small random graphs. Establishing that such improvement would hold true for worst-case and large
graphs instances is still an open question, and will remain so as long as we stay in the NISQ
era. In any case, reaching similar approximation ratios as classical solutions, but faster or
at a lower energy cost would already be of signiﬁcant value for industries.
In this context, it should be noted that although these limits to improving the approximation ratios are valid for general/worst-case instances of Max-k-Cut, it does not mean
that they are valid for particular instances with a speciﬁc structure. Thus, since eﬃcient
classical approximation schemes are known for (SC1), we can expect its instances reformulated as instances of Max-k-Cut to be easier to approximate than general/worst-case
ones. We will see that this is indeed the case, both when using classical and quantum algorithms.

2.3 Optimal scheduling of load time intervals within groups (SC2) and MIS
We now consider the following problem (SC2): given a set of load tasks represented as
intervals on a timeline, such that each of them belongs to a speciﬁc group, for example
distinct vehicle ﬂeets of a company, select a subset of these loads (i) which maximizes
the number of non-overlapping tasks and (ii) such that at most one load in each group is
completed. The goal is here to both minimize the completion time of the selected loads
and to guarantee that no group will be over-represented in the schedule.
This problem belongs to the class of Interval Scheduling problems [31]. More precisely,
it is a Group Interval Scheduling, or Job Interval Selection problem. It can be restricted
without loss of generality to the case where all the groups contain the same number of
tasks, k. It is NP-Complete for k ≥ 3, and has no PTAS for k ≥ 2 unless P = NP [32]. Some
polynomial approximation ratios have been obtained in the general case, namely 0.5 in Ref.
[32], improved to 0.63211 in Ref. [33], while polynomial algorithms exist in cases where
some parameters are ﬁxed [34].
Let I = {(s1 , e1 ) . . . (snk , enk )}, where n is the number of groups, be the set of intervals representing load job starting and ending dates, and G = (V , E) be the graph whose vertices
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in V correspond to intervals in I, and with an edge (i, j) in E iﬀ interval i and j overlap or
i and j belong to the same group. A set S of vertices is called an independent set when no
two elements of S are adjacent in the graph. Clearly, an independent set of G represents a
feasible solution to the problem, and its Maximum Independent Set (MIS) is the optimal
one.3
Following our protocol for quantum algorithm qualiﬁcation, we will limit ourselves to
speciﬁc instances of (SC2) that can be formulated as MIS on two-dimensional Unit-Disk
(UD) graphs. These geometrical graph are graphs in which two vertices are coupled by an
edge if the distance between them is below a threshold value. This choice is motivated by
two reasons. First, as described at Sect. 3.3 below, Pasqal’s neutral atom quantum processor is particularly well suited to natively implement the MIS on Unit-Disk graphs. Second,
the MIS on such graphs, although remaining NP-Complete, is known to be “less diﬃcult”
to approximate than the MIS on general graphs, and has a PTAS while the general MIS
does not [35, 36]. Of course, this protocol requires to transform (SC2) graphs to Unit-Disk
graphs, a procedure we presented and analyzed in Sect. 3.3.2.

3 Quantum approaches to smart-charging problems
In this section, we describe how to use quantum approaches for solving the problems
presented above.
3.1 QAOA in a nutshell
The “Quantum Approximate Optimization Algorithm” (QAOA) computes approximate
solutions to combinatorial optimization problems, with a theoretical guarantee of convergence when the depth of the quantum circuit increases [11].
QAOA is a variational algorithm for combinatorial problems in which a quantum processor works hand-in-hand with a classical counterpart, as illustrated in Fig. 1 (see Ref.
[37] for a review on variational algorithm). The quantum processor is used to prepare a
wave function |zγ ,β . In the most general case, |z = |z1 z2 · · · zn  represents a n-qudit state
vector, with zi ∈ {0, 1, . . . , d}, and the subscript in |zγ ,β  indicates that the state belongs
to a family of states that is parameterized by the angles γ and β. More speciﬁcally, |zγ ,β 
is generated by the successive application of unitaries generated by the non-commutative
operators M̂ and Ĉ, with angles given by β = (β1 , β2 , . . . , βp ) and γ = (γ1 , γ2 , . . . , γp ), respectively. Given an initial state |z0 , the wavefunction prepared by the quantum processor
takes the following form,
|zγ ,β  = e–iβp M̂ e–iγp Ĉ . . . e–iβ1 M̂ e–iγ1 Ĉ |z0 .

(1)

A common choice for the cost operator Ĉ (also sometimes referred to as energy operator)
is the diagonal operator in the computational basis, Ĉ|z = C(z)|z, where C(·) is the cost
function to be optimized for, while the mixing operator M̂ induces transitions between
states in the computational basis [11, 38]. In the following, we will always reformulate
our problems under the form of minimization problems, by changing the sign of the cost
function of the original problems. The ground state of the energy operator Ĉ corresponds
3

The above formulation supposes that a starting date is assigned to each load task, in order to represent it as an interval on
the time line. In a real smart-charging management system, such dates could be ﬁxed by the users of the vehicles, imposed
by technical constraints or decided by the smart-charging manager.
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Figure 1 Principle of the QAOA algorithm. A quantum processor, which can be operated in either digital or
analog mode, is used to prepare an ansatz wavefunction from which we construct the mean value Ĉobs
using numerous measurements. A classical optimizer then updates the variational parameters. Some
problems are naturally tailored to the analog mode of the platform, while others require a digital mapping. In
digital mode, the unitaries are built from quantum circuits, made of elementary quantum gates acting each
on one or a few qubits. In the analog mode, the unitaries are built from sequences of Hamiltonians that can
be controlled in a continuous manner

to the optimal solution to the optimization problem. The dimension p of the vectors γ
and β is called the depth of the algorithm.
The quantum state is then measured to construct an statistical estimator Ĉobs of the
cost function to be minimized. A classical optimization procedure uses this estimator to
update the variational parameters γ and β for the next iteration. This loop repeats until
convergence to a ﬁnal state, from which an estimate of the solution to the problem is extracted. The approximation ratio Ĉ/Copt , where Copt = minz C(z), measures the quality
of the approximation yielded by QAOA.
Once optimal parameters for QAOA are found the optimal assignment of variables is
returned by repeatedly preparing and measuring the quantum circuit while saving the
best result. As was pointed in [11], a solution with value at least Ĉ – 1 is obtained with
probability 1 – m1 after O(m log m) launches where m = Copt ≤ |E|. Thus the sampling step
adds only a polynomial factor and is in general not accounted in the run-time analysis of
QAOA.
In the following, we will consider two distinct ways to prepare the ansatz wavefunction
(1) on Pasqal quantum processors. In the ﬁrst one, the quantum processor is used in digital
mode, and the trial wavefunction is the output of a quantum circuit composed of discrete
quantum gates. In the second one, the quantum processor is used in an analog manner
and the trial wavefunction results from the application of a continuously parameterized
Hamiltonian.
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3.2 Max-k-Cut
We describe here an extension of QAOA to deal with weighted Max-k-Cut problems using
quantum circuits. We also introduce a hardware-eﬃcient implementation of this procedure on arrays of neutral atoms.
3.2.1 Encoding on the quantum processor
We show here how to extend QAOA to Max-k-Cut problems on weighted graphs. Denoting by zi ∈ {1, 2, . . . , k} the subset node i belongs to, the goal of Max-k-Cut is to minimize
the cost function:
C(z1 , . . . , zN ) = –

N 
N


wuv (1 – δzu ,zv ),

(2)

u=1 v=u

where the edge wuv participates to the cost function if nodes u and v are in separated
subsets.
Originally QAOA was designed for optimization problems. In that case, a problem with
n variables naturally maps to a system of n qubits. For optimization over integer-valued
variables one has to deﬁne a correspondence between basis states of a Hilbert space of
some dimension and solutions to the initial problem, and then restrict the quantum evolution to the feasible domain.
A possible approach to tackle this issue is to apply the unary encoding [38] that for
any natural k > 2 attributes k qubits to each node and a node u is colored in c if |zu  =
|0 . . . 010 . . . 0 where the bitstring zu has only one 1 on the position c. This encoding uses
Nk qubits for an instance with N nodes and requires some non-trivial modiﬁcations to
the mixing operator M in order to keep the evolution in the feasible subspace, which is
spanned by basis states with only one 1 per node. This encoding was also used in Ref. [39]
for solving graph-coloring problem with QAA.
We suggest instead to use the conventional binary encoding of integers for k = 2l . In this
encoding each node is associated to a set of l qubits z = {z(0) , . . . , z(l–1) } that will indicate the
color of the node. More speciﬁcally, having qubits in the state zu corresponds to having the
node u in the subset zu = z(0) z(1) · · · z(l–1) . Note that we need Nl ≈ N ln k qubits to encode
the entire coloring of the graph. In the speciﬁc case where k = 2l , the computational basis
that spans the Hilbert space of our platform corresponds exactly to all the 2Nl possible
colorings of the graph. It means that, contrary to the unary encoding, no modiﬁcation to
the operator M is required. This approach is easier to compile to elementary gates and less
expensive in terms of number of qubits than the unary encoding. A natural extension for
all natural k would be to use qudits instead of qubits [40].
For binary encoding we can build a cost operator Ĉ that is diagonal in the computational
basis, such that Ĉ|z1 . . . zN  = C(z1 . . . zN )|z1 . . . zN , by writing:
Ĉ = –



1 + σu(0) σv(0)
1 + σu(l–1) σv(l–1)
...
,
wuv 1 –
2
2
1≤u<v≤N


(3)

where σu(i) corresponds to a Pauli-Z matrix σz acting on the atom i ∈ {0, . . . , l – 1} associated to node u. The operator C in Eq. (3) can be decomposed as a sum of operators
with {2, 4, . . . , 2l}-body interaction terms. Interaction terms involving more than 2-body
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Figure 2 A quantum circuit implementing a term e–iγ Cu,v corresponding to the edge u, v in binary
encoding for k = 4. Here, Rz (·) is a single-qubit rotation along the z-axis

operators are not directly implementable on most quantum computing platforms which
only support 2-qubit gates. Instead, they can be decomposed as sums of two-body terms,
which can be realized with CNOT gates. An example of the resulting circuit for an edge
is shown in Fig. 2.
Because of the completeness of the Max-k-Cut graphs that we are studying, the cost
operator in Eq. (3) involves coupling terms between all qubits. However, all quantum chips
have a ﬁnite connectivity in practice. The physical realization of the desired terms between
remote qubits thus requires the introduction of a large number of SWAP gates, that are
detrimental to the performance of the procedure. Next, we introduce a hardware-eﬃcient
implementation of Max-k-Cut on Rydberg atom arrays which minimizes this overhead.
3.2.2 Towards a hardware-eﬃcient implementation of Max-k-Cut on Rydberg atom
arrays
Mapping the QUBO (Quadratic unconstrained binary optimization) representation of the
Max-k-Cut problem as discussed above introduces an overhead in the number of CNOT
gates as a result of the decomposition of multi-spin terms into pair interactions. An alternative to the QUBO representation of the problem is the parity encoding, originally
proposed in Ref. [41] (Lechner–Hauke–Zoller scheme) and recently extended to applications using QAOA [42].
Let us summarize here the main steps of the parity transformation for completeness
and then apply it to the Max-k-Cut problem. The parity encoding encodes the relative
orientation of several logical qubits as a single physical qubit. With this encoding, each
physical qubit represents the parity of several logical qubits, e.g. the physical spin ẑ12 = z1 z2
represents the product of two logical bits in the QUBO representation. Here, ẑij is used as
short notation of the z-component of the physical qubit σij(z) and zi is used for the logical
qubits σi(z) . The parity encoding represents the full problem in terms of the parity variables.
This is not trivially possible, as the number of degrees of freedom of the logical graph are N
(the number of logical spins), while the number of physical spins is K , the number of edges
in the graph. To compensate for this diﬀerence, a number of C = K – N + 1 constraints need
to be introduced. These constraints are conditions on the physical qubits that have to be
fulﬁlled. In the Lechner–Hauke–Zoller scheme, these constraints are constructed from
closed loops in the logical graph which results in a physical implementation that consists
of K qubits and K – N + 1 4-body constraints. Remarkably, the problem is fully encoded
in the local ﬁelds while all interactions are uniform and problem independent [41].
Applying the parity encoding to the Max-4-cut problem allows us to reduce the number
of CNOT gates to order N 2 . In the ﬁrst step, we make use of the parity transformation of
each term zi0 zj0 → ẑij0 and zi1 zj1 → ẑij1 . As a second step we transform the 4-body term of the
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Figure 3 Parity transformation of the Max-4-cut problem. The setup consists of two layers of qubits (blue
bottom and red top). The bottom layer represents the 0th bit of the color and the top layer the 1st bit of the
color. The qubits within the same layer interact via 4-body constraints [41] (green squares). The interaction
terms ẑi0 ẑi1 = zi0 zj0 zi1 zj1 are eﬃciently encoded as pair gates between neighboring qubits of the two layers
(black lines). Note, that the 4-body constraints are decomposed into parallelizable CNOT gates within the
layers [42]

two-coloring problem which has the form zi0 zj0 zi1 zj1 . We notice, that this term in the parity
encoding is ẑi0 ẑi1 and thus a simple pair interaction between two physical qubit. Remarkably, the pair interaction can be performed between nearest neighbors by introducing a
two-layer setup as depicted in Fig. 3.
The cost function using the above construction reads as
C=


 
ẑi1 + ẑi0 + ẑi0 ẑi1 +
C4 ẑi0 ẑj0 ẑk0 ẑl0 .
i

(4)

l

Let us now comment on the resources requirements for this hardware-eﬃcient implementation. The number of qubits is N(N – 1) and the number of CNOT gates is
9N 2 – 41N + 48. In the above example for N = 5 the number of qubits is Np = 20 and
number of CNOT Gates is Nc = 68. In addition, the CNOT gates can be fully parallelized
which results in a constant depth of global gates. In comparison, the number of qubits in
the standard gate model is N and the number of CNOT gates to be calculated but assumed
to be order N 3 . This encoding provides thus a strong advantage in platforms which show
a capacity to scale up the number of qubits.
With a number of thousands of qubits of next generation neutral atom devices [16] in
combination with the prospect of full parallelization of the parity encoding, Max-k-Cut
represents a realistic application of near-term quantum devices.

3.3 MIS
In this Section we present how to solve a MIS problem using a QAOA procedure on a
neutral atom processor working in an analog mode [13, 43]. We ﬁrst show how an analog
control over the atoms allows us to realize a Hamiltonian reproducing the MIS cost function in the case of Unit Disks (UD) graphs. Then, we discuss a procedure enabling us to
transform more generic interval graphs to UD graphs.
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3.3.1 Rydberg blockade and graph independent sets
When looking for the MIS of a graph G, we separate the nodes into two distinct classes:
an independent one and the others. We can attribute a status z to each node, where zi = 1
if node i is attributed to the independent set, and zi = 0 otherwise. The Maximum Independent Set corresponds to the minima of the following cost function:

C(z1 , . . . , zN ) = –

N


zi + U



zi zj ,

(5)

i,j

i=1

where U (G), where (G) is the degree of the vertex with maximum degree and i, j
represents adjacent nodes. In this cost function, we want to promote a maximal number
of atoms to the 1 state, but the fact that U 1 strongly penalizes two adjacent vertices in
state 1. The minimum of C(z0 , . . . , zN ) therefore corresponds to the maximum independent
set of the graph.
Interestingly, the operator Ĉ associated with the cost function of Eq. (5) can be natively
realized on a neutral atom platform [13], with some constraints on the graph edges. We
map a ground state and a Rydberg state of each atom to a spin 1/2, where |1 = |r is a Rydberg state and |0 = |g is a ground state. An atom in a Rydberg state has an excited electron
with a very high principal quantum number and therefore exhibits a huge electric dipole
moment. As such, when two atoms are excited to Rydberg states, they exhibit a strong
van der Waals interaction. Placing N atoms at positions rj in a 2D plane, and coupling the
ground state |0 to the Rydberg state |1 with a laser system enables the realization of the
Hamiltonian:

H=

N


i=1

2

σix –

N

δ
i=1

2

σiz +


j<i

C6
ni nj .
|ri – rj |6

(6)

Here,  and δ are respectively the Rabi frequency and detuning of the laser system and  is
the reduced Planck constant. The ﬁrst two terms of Eq. (6) govern the transition between
states |0 and |1 induced by the laser, while the third term represents the repulsive Van der
Waals interaction between atoms in the |1 state. More precisely, ni = (σiz + 1)/2 counts the
number of Rydberg excitations at position i. The interaction strength between two atoms
decays as |ri – rj |–6 .
The shift in energy originating from the presence of two nearby excited atoms induces the so-called Rydberg blockade phenomenon, illustrated in Fig. 4(a). More precisely, if two atoms are separated by a distance smaller than the Rydberg blockade radius rb = (C6 /)1/6 , the repulsive interaction will prevent them from being excited at
the same time. On the other hand, the sharp decay of the interaction allows us to neglect this interaction term for atoms distant of more than rb . As such, for  = 0, the
Hamiltonian in Eq. (6) is diagonal in the computational basis and enables to realize
H|z1 , . . . , zN  = (δ/2)C(z1 , . . . , zN )|z1 , . . . , zN , with the cost function speciﬁed in Eq. (5),
and for which there is a link between atoms i and j if they are closer than rb apart.
We have seen that atom arrays enable to study UD-MIS problems with QAOA using
an analog control, which will likely oﬀer better performances as compared to a digital
approach. In the following, we present a way to transform interval graphs into UD graphs.
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Figure 4 (a) Illustration of the Rydberg blockade eﬀect. When two atoms are far apart, |ri – rj | > rb , they don’t
interact. On the other hand, if they are separated by less than the Rydberg blockade radius, |ri – j | < rb , a
strong interaction prevents the two atoms to be in the state |1 at the same time. (b) Rydberg blockade and
independent sets of a graph. Rydberg atoms correspond to the nodes of a UD-graph. There are edges
between adjacent nodes if the distance between them is smaller than the Rydberg blockade radius rb , as
illustrated for the top-left node. Due to the Rydberg blockade eﬀect, the dynamics of the system is restricted
to independent sets

3.3.2 From interval graphs to unit disk graphs
Graphs such as the ones used to model our Job Interval Selection problem (SC2) do not
correspond to UD graphs, as they are unions of interval intersection graphs (the edges
corresponding to the overlapping tasks) and of cluster graphs (the set of complete disjoint
cliques corresponding to the groups) and thus one-dimensional intersection graphs, rather
than two-dimensional ones. Hence, we have to transform our scheduling graphs in order
to implement the search of their MIS on the quantum machine.
The mapping between the original problem graph and the locations of the Rydberg
atom/qubits in the machine can be obtained by solving the following continuous quadratic
constraint satisfaction problem (QP):

Find (xi , yj )

(7)

s.t.
∀i, j ∈ E, ρ 2 ≤ (xj – xi )2 + (yj – yi )2 ≤ r2 ,

(8)

∀i, j ∈ E, (xj – xi )2 + (yj – yi )2 > r2 ,

(9)

∀i ∈ V , xi < L; yi < L,

(10)

where:
• G = (V , E) is the original interval graph of the problem;
• G = (V , E) is G’s complementary, i.e. the graph whose vertices (i, j) are connected iﬀ
they are not connected in G;
• r is the Rydberg blockade radius, i.e. the upper bound on the distance between two
connected vertices, ρ ∼ r/3 a given factor deﬁning the lower bound on their distance,
illustrating the minimal spacing between separated atoms that is experimentally
feasible;
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• (xi , yi ) are the coordinates in the Euclidean plan of the atom/qubit representing the
node i ∈ V ;
• L deﬁnes the maximum square area available to place atoms on the machine, while
imposing the above constraints.
Experimentally, the Rydberg blockade radius r can be around 15μm, for minimal distances between atoms of the order of 5μm, and the atoms are contained in a region characterized by L̄ ∼ 100μm.
Ideally, the transformation of the original (SC2) graph into one respecting the constraints of the quantum device, i.e. the solving of the (QP) problem above, should be (i)
always feasible, and (ii) suﬃciently eﬃcient to preserve the quantum advantage expected
when solving the UD MIS problem on the quantum machine, thanks to the “natural” embedding of this problem on it, as shown in the Sect. 3.3.1 above.
Unfortunately these two conditions cannot be met in all cases.
Firstly, depending on the machine characteristics (r, ρ, L) and the structure of the original interval graph G, (QP) does not necessarily have feasible solutions. For example,
strongly connected graphs should make diﬃcult to satisfy the constraint of bringing together the atoms corresponding to connected nodes in the rings delimited by (r, ρ).
Secondly, due to the lower bound in constraints (8) and to constraints (9), (QP) is not
convex, and is thus NP-hard in the general case. Classical reformulation-linearizations of
non-convex quadratic programs are available for (QP)-like problems [44–46], leading to
integer/binary linear constraint satisfaction problems (CSP) that can be tackled by wellstudied conventional techniques. However the drawback of this approach is the large number of binary variables. Such a formulation for (QP) is presented in the Appendix A. It was
tested on our graph instances using the Ibm Cplex solver. Results revealed that such an
approach can compromise the potential quantum advantage expected on the UD-MIS
part.
As an alternative, we used a more compact linear formulation which, although not providing a guarantee to ﬁnd an existing solution in the elapsed time allowed, did perform
well on the majority of smart-charging graphs tested. The idea is to replace the quadratic
constraints by linear ones but expressing the inclusion in the rings deﬁned by (r, ρ) by
means of a given set of parametrized radius. The resulting model is as follows:

Find (xi , yj )

(11)

s.t.

(QPR )

∀i ∈ V , xi < L; yi < L,

(12)

∀i, j ∈ E :

(13)

fφ (xi , yi , xj , yj ),
φ∈


 

∀i, j ∈ E : |xj – xi | > r ∨ |yj – yi | > r ,

(14)

where fφ is a set of clauses enforcing the belonging of the point (xj , yj ) to the radius deﬁned
by the angle φ intersecting the ring of center (xi , yi ) deﬁned by (r, ρ). For example:
fφ∈[0, π2 [ = (ρ cos φ ≤ xj – xi ) ∧ (xj – xi ≤ r cos φ) ∧ (ρ sin φ ≤ yj – yi ) ∧ (yj – yi ≤ r sin φ)
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Because of the “or” and “absolute value” terms, this formulation is still combinatorial, but
much more eﬃcient than the previous one.
This formulation was tested with Ibm Cplex solver. It provided 84 UD graphs to be
implemented for UD-MIS search on the Rydberg atom based quantum machine, starting from 100 instances of real smart-charging graphs of 12 to 15 nodes each, limiting the
(QPR ) CSP resolution time to 60s for each instance.
This approach to reformulate (SC2) problems into UD-MIS tractable on Pasqal’s quantum machine seems thus valid. However, in the experiments conducted up to now and
presented here, we had to solve the (QP) problem this way only for graph instances whose
number of vertices was limited. Tackling larger load scheduling problems on larger quantum processors with this method might prove vain, due to the cost of computing the corresponding UD graph of Rydberg atoms, assuming this one does exist.
Our method should thus be considered as a hybrid classical/quantum heuristic for
solving (SC2)-like smart-charging problems—NP-Hard with no PTAS—by ﬁrst trying to
quickly ﬁnd a UD representation of the graph, then aiming to exploit the expected quantum advantage gained when solving the UD-MIS problem on a Rydberg atom quantum
machine. Clearly, any improvement of the “mapping” between the original scheduling
problem and its representation on the quantum processor will beneﬁt to the method. This
is an important research objective that we leave for future work.

4 Results
4.1 Analytical result for Max-Cut: the mean cost in the QAOA1 state
An analytical expression for Max-Cut on unweighted graphs for p = 1 was derived in [47].
We extend this result to the case of complete weighted graphs. For an edge u, v the mean
value of Cu,v for chosen γ , β is:
zγ ,β |Cu,v |zγ ,β




wuv
sin(4β) sin(γ wuv ) 
=
1+
cos(γ wux ) +
cos(γ wvx )
2
2
x=u,v
x=u,v


 


sin2 (2β) 
–
cos γ (wux – wvx ) –
cos γ (wux + wvx )
(15)
2
x=u,v
x=u,v

This is an important result for numerical experiments as the obtained expression allows
to compute the mean cost in the QAOA1 state without any call to a (simulated) quantum computer in polynomial time, which in turn is useful to analyze the performance of
QAOA.
In this expression, we realize that there is a close link between the value of the QAOA
angle γ and the weight of the edge wuv . Discussions on the normalization of the graph
edges and its impact on the energy landscape are covered in Appendix B.

4.2 Numerical results
In the following, we present a performance analysis of the various procedures presented
above. For Max-Cut at depth p = 1, we use the analytical formula (15). For Max-4-Cut,
MIS, and Max-Cut at depth p > 1, we compute the mean cost by Monte-Carlo estimation,
by simulating the quantum evolution either on the Atos Quantum Learning Machine [48]
or using the QuTIP library [49] on the OCCIGEN supercomputer based in Montpellier,
France.
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4.2.1 Real data set used
Data were driven from a set of 2250 loads performed during May 2017 on identical charging points of the Belib’s network of load stations located in Paris, France [50].
For both problems (SC1) and (SC2), an instance is a series of chronological loads characterized by their duration for (SC1) and starting/end times for (SC2). The instance size is
the number of loads it contains. A data-set is a set of instances whose ﬁrst load is randomly
chosen among the 2250, according to a uniform law. Once an instance is built:
• for (SC1), a priority is randomly assigned to each load, according to a Poisson’s law,
enforcing a constant distribution of the diﬀerent priority levels in each instance;4
• for (SC2), the belonging to a group is randomly assigned to each load according two a
uniform law parameterized by the number of groups and the number of loads in the
instance.
4.2.2 Minimization of total weighted load completion time (SC1)
First, we compare the performance of QAOA and the randomized algorithm on Max-Cut
instances of diﬀerent sizes N ∈ [6, 8, 10, 15, 30, 50, 70, 100, 150].
The purpose of our performance analysis is not to demonstrate that QAOA beats the
best classical algorithm but rather to compare it to a solution of the same nature. Indeed,
both QAOA and randomized algorithm return a sample from a certain probability distribution (built by a quantum circuit and uniform distributions respectively).
We leave for future work a more advanced comparison with local classical algorithms
of bounded depth, that were suggested as fair competitors to QAOA in [51].
In order to compute the exact optimum Copt we use brute-force search for Max-Cut on
small instances (with up to 30 nodes) and the dynamic program algorithm presented in
Ref. [52] for the initial scheduling problem on bigger instances.
As expected, we observe on the top panel of Fig. 5 that, for a ﬁxed value of N , the approximation ratio improves with the QAOA depth p.
Surprisingly, we also notice that the approximation ratio gets better with the size of
the Max-Cut instance. Such behavior is also observed for the randomized algorithm, as
illustrated on the bottom panel of Fig. 5. In this numerical experiment we observe that
QAOA ﬁnds better solutions than the randomized algorithm.
The good performances of the randomized algorithm shown on the bottom panel of
Fig. 5 suggest that the diﬃculty of the problem under consideration decreases with its
size. To conﬁrm this insight, let us consider the simpler case of unweighted Max-Cut on a
complete graph. In this scenario, choosing a cut at random gives an approximation ratio
  
of [ k Nk k(N – k)]/(N 2 /4) which goes to 1 in the large N limit. This fact is illustrated
in Fig. 6, where we show the approximation ratios of all possible cuts for diﬀerent values
of N . This plot shows that, for a ﬁxed positive value of the normalized cut number, the
corresponding approximation ratio approaches 1 in the large N limit. While our ﬁndings
suggest that the presence of O(1) weights in our problems leads to the same behavior, it
does not extend to instances in which the magnitude of the weights would increase with N .
We now present numerical results for Max-4-Cut. Using the normalization factor introduced in Appendix B, we ran QAOA for p = 7 layers, and plotted the statistical distribu4

The “brute” weights from the data yield high values in the cost Hamiltonian, leading to a highly ﬂuctuating energy landscape for QAOA1 (cf. equation (15)). A re-weighting was therefore done in order to obtain a smoother landscape for better
optimization. (see Appendix B).
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Figure 5 Top panel: Evolution of the approximation ratio of QAOA with depth p for the Max-Cut problem.
Bottom panel: Evolution of the average approximation ratio with the instance size for QAOA at depth p = 1
(dashed orange line) and for the randomized algorithm on the initial scheduling problem (dotted blue line)

Figure 6 Approximation ratios of all possible cuts
in the unweighted Max-Cut problem on complete
graphs of size N, sorted by increasing values. The
blue, orange and green dots correspond to N = 4,
N = 8, and N = 16, respectively

tion of the approximation ratio achieved for 98 diﬀerent instances (Fig. 7). As expected,
the approximation ratio increases to 1 with the number of layers. The high value of the
approximation ratio achieved is an encouraging result, showing that quantum approaches
are comfortably higher than the classical minimal approximation guarantee of 0.857487
[53], even at low depths. At p = 1, the tail of the distribution indicates that some instances
have been poorly optimized. The fact however that this tail disappears in the next layers
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Figure 7 Max-4-Cut. QAOA for p = 7 layers, and the statistical distribution of the approximation ratio
achieved for 98 instances. Proper re-weighting of the graph uniforms the instances. The high value of the
approximation ratio achieved is an encouraging result, showing that quantum approaches are comfortably
higher than the classical approximation minimal guarantee of 0.857487 [53], even at low depths. While initial
optimization might not be ideal, as suggested by the tail of distribution on the ﬁrst layer, it is corrected by the
global smoothing at the next layer

shows that initial poor optimization can be corrected in the following layers. This is due
to the fact that at the end of each layer our classical algorithm implements a rapid local
optimization on all parameters.
4.2.3 Optimal scheduling of load time intervals within groups (SC2)
Previous studies on quantum approaches for solving UD-MIS investigated the inﬂuence
of quantum noise QAOA [43], and compared the performances of Quantum Annealing
procedures [54] to classical approximation algorithms.5
For the classical loop of QAOA, we use here a new global optimization process (Egg optimization) described in the Appendix C.1 that uses a global optimization process called
diﬀerential evolution (DE) [55]. Using (DE) enables to escape from local minima quite easily. Another important advantage is that the function evaluations can be done in parallel.
More speciﬁcally, we ran our program on the OCCIGEN supercomputer based in Montpellier, France, where we used 28 CPU cores in parallel for our calculations. This reduced
by a factor of 8.8 the time of derivation. In addition, we reduced the amount of phase space
addressed by making educated guesses from layer p – 1 to layer p, strongly inspired by Ref.
[56], and demonstrated precise results with much fewer function calls. The combination
of educated guesses and parallel function evaluations made for a consequent speed-up,
bringing down typical calculation times of half a day to an hour. Finally, the global optimizer (DE) has shown strong results in the context of noisy and changing landscape [57],
a typical behavior of our noisy intermediate-scale quantum platforms. Using (DE) might
prove robust in an experimental setup.
As can be seen in Fig. 8(a), the performances of QAOA for solving the UD-MIS problem
are good in average, exceeding approximation ratios of 0.95 after seven QAOA layers. As
can be noted in the ﬁgure, the distribution of the approximation ratio for each layer is
5

Note that, for the small instances studied here, classical brute-force algorithm can ﬁnd the exact solution in a short time
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Figure 8 (a) For each layer, the median is plotted and the violin envelop represents the distribution of the
approximation ratio achieved for each of the 84 points. While the approximation ratio grows rapidly to 1 in
most cases, there seems to be some instances that are harder to optimize. We isolate a graph representative
of the best-case bulk (b) and one for the worst-case bulk (c). Further understanding of the worst-case graphs
is important in order to estimate the quality of a quantum approximation algorithm

rather wide. At the third layer, the distribution starts to separate in two bulks. The lower
bulk stagnates by the fourth layer as the approximation ratio stays inferior to 0.85 until the
last layer, while the approximation of the upper bulk increases to one as the depth grows.
For completeness, we show on panel (b) and (c) of Fig. 8 a typical graph instance of each
group. The instances in the lower bulk correspond to worst-case scenarios and represent
9.5% of the instances. Understanding the characteristics of the worst instances is of crucial
importance to characterize the quantum approaches. Indeed in the approximation theory
the quality of an algorithm is benchmarked on worst-case instances. The approximation
ratio achieved by the algorithm on these particular instances is a guarantee from below
for any other instance. Finding worst-case scenario has been investigated in the past for
Max-Cut on uniform 3-regular graphs at depths p = {1, 2, 3} [11, 58]. Obtaining a lower
bound guarantee of QAOA on UD-MIS, which we leave for future work, would enable
us to compare the quantum approach to the classical approximation scheme to assess an
eventual quantum advantage.
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5 Conclusions and perspectives
Qualifying quantum algorithms on diﬃcult optimization problems is of great importance
to evaluate the beneﬁt of quantum computing, as these problems are at the core of many
industrial applications where they often constitute performance bottlenecks.
Two major principles must be implemented in such a process:
1. Rely on a collaboration between experts in the application ﬁeld under study and
quantum computing experts, in order to design ﬁne-tuned, ad-hoc,
software-hardware solutions;
2. Benchmark quantum algorithms not only against exact classical algorithms, by
nature exponential on this class of problems, but also versus available approximate
polynomial ones.
The ﬁrst point is crucial, because quantum solutions can often take advantage of the
speciﬁc characteristics of the targeted quantum hardware. The second point is required
for a fair-play competition between quantum and classical approaches for diﬃcult optimization, in order to precisely evaluate a potential quantum advantage.
This paper reports a case study based on this protocol in the ﬁeld of smart-charging of
electric vehicles. We speciﬁed two smart-charging problems, which, although stylized to
be treated by available quantum approaches, stay representative of the real operational
problems currently solved by the EDF subsidiaries involved in the ﬁeld. We developed
a hardware-eﬃcient implementation of QAOA on quantum devices based on Rydberg
atoms arrays to solve these two problems, respectively modeled as “sub-diﬃcult” instances
of Max-k-Cut and MIS NP-hard problems. We implemented these procedures on a real
data-set of 2250 loads, and compared quantum solutions to classical approximate ones,
up to current limits of classical simulation of quantum hardware with N ≤ 20 qubits. In
both cases, quantum algorithms behave correctly, obtaining high approximation ratios,
coherently with the fact that both applications are modeled as “less diﬃcult” instances
than the worst-case ones of these two NP-Complete problems.
These results, obtained through a rigorous protocol, are very encouraging. Future works
will involve testing the quantum approaches on the real Rydberg atoms quantum processor developed by Pasqal in the 100-1000 qubits range [16]; making the smart-charging
problems more realistic by incorporating new constraints (e.g maximal available power
on the load station), a real challenge as this should make the associated Hamiltonians to
be implemented on the processor more complex; more speciﬁcally from an application
viewpoint, looking for eﬃcient heuristics to transform general graphs in unit-disk ones,
which would drastically simplify the procedure for quantum solving of MIS. On this latter
point, another interesting option is to explore smart-charging problems which are “naturally” two dimensional—e.g. based on the “autonomy radius” of vehicles or the “action
radius” of charging points –, thus replacing the costly and hypothetical resolution of the
(UD) problem by a simple scale reduction in the plan.

Appendix A: Integer linear reformulation of the (QP) problem
The (QP) problem introduced Sect. 3.3.2 can be solved by a classical reformulationlinearization of non-convex quadratic programs into binary/integer ones, by considering variables xi and yi as integers and replacing them by their binary expansions in constraints(8) and (9), then adding binary variables and appropriate constraints to represent
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the products between them [44–46]. The resulting binary/integer linear model is as follows:

Find (xi , yj )

(16)

s.t.


k=log(L)

∀i ∈ V , xi =



k=log(L)
k

2

bxki ; yi

=

k=0

2k byki ,

(17)

k=0

∀i ∈ V , xi < L; yi < L,

(18)

∀i, j ∈ E :
ρ 2 ≤ Xj Xj – 2Xi Xj + Xi Xi + Yj Yj – 2Yi Yj + Yi Yi ≤ r2 ,
k=log(L) k  =log(L)

Xi Xj =





k=0

k  =0

k=log(L) k  =log(L)

Yi Yj =





k=0

k  =0





k,k 

k,k 









2(k+k ) wxk,k
i,j ,

(20)

2(k+k ) wyk,k
i,j ,

(21)







k,k
k,k
k
k
k
k
wxk,k
i,j ≤ bxi ; wxi,j ≤ bxj ; wxi,j ≥ bxi + bxj – 1,

(QPR )

k,k 

k

(19)

k

wyi,j ≤ byki ; wyi,j ≤ byj ; wyi,j ≥ byki + byj – 1,

(22)
(23)

∀i, j ∈ E :
Xj Xj – 2Xi Xj + Xi Xi + Yj Yj – 2Yi Yj + Yi Yi > r2 ,
k=log(L) k  =log(L)

Xi Xj =





k=0

k  =0

k=log(L) k  =log(L)
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k
wxk,k
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k,k
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k
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bxki , byki , wxi,j , wyi,j

all binary.

(24)

(27)
(28)
(29)

Once rewritten this way, and assuming that it is feasible, (QP) can be solved by any conventional techniques dedicated to linear discrete constraint satisfaction problems. However, it is wort noting that this formulation quickly leads to a large amount of binary variables, since for each couple (xi , yi ) of continuous variables modeling a vertex in the original
problem, we introduce 2 log(L) binary variables (bxi , byi ) to expand its integer representa



k,k
tion, and (log(L))2 binary variables wxk,k
i,j /wyi,j to express each product in the constraints

related to the edges.
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Figure 9 The zoom eﬀect. From left to right, we normalized an instance from (SC1) respectively by R/5, R/2
and R to observe the eﬀect on the energy landscape of QAOA1 . The closer to R, the better the zoom on the
global minima. The re-weighting of a graph aﬀects the energy landscape: it can therefore be used as leverage
to either zoom on the point of interest to apply local optimization, or on the contrary it might be used to
zoom out of barren plateaus to explore more interesting phase spaces

Appendix B: Optimizing the classical loop of QAOA
Although translation of a combinatorial problem focuses on the quantum loop of the
QAOA, the quality of the classical optimizer part is of crucial importance. Indeed, an inefﬁcient classical optimizer will bring excessive overhead to the whole process. For practical
use, it is of crucial importance to use an optimizer tailored to the machine. In the following
paragraphs, we present results on the research for the best classical optimization process.
In the (SC1) problem, the weights wuv of the edges in the graph are imposed by real data.
These weights appear in Eq. (15) and multiply the parameterized angle γ . They therefore
impact the phase that is applied to each basis state of the computational basis in the QAOA
cycle. To visualize the impact of weights, we plot the energy (or cost-function) landscape
at level p = 1 as a function of the parameters (γ , β). Figure 9 contains numerical simulation
of the energy landscape for the Max-Cut problem, evaluated on a graph of size 10, with a
resolution of 30 points along each axis. For the same problem, we re-weight the adjacency
matrix of the graph by diﬀerent factors. On the ﬁrst ﬁgure, a high density of peaked valleys
and hills indicates that optimization is diﬃcult and would require an important amount
of function evaluations to ﬁnd a decent solution. The amount of peaks and valleys is due
to the fact that the cost Hamiltonian adds a phase term to each basis vector zi . Indeed,
applying Ĉ with an angle γ modiﬁes |zi  to eiγ Ci |zi , where Ci corresponds to the cost of
the coloring zi . Modifying the graph weights consequently modiﬁes the the phase applied
to each basis state zi . A smaller Ci , as seen in the third ﬁgure, smooths the cost-function
landscape enabling adequate local optimization. Artiﬁcially reducing Ci too much however might over-smooth the landscape, reducing the possible phases that QAOA can apply, hence missing the global minima. We want Ci to be big enough to allow basis states
zi to acquire a phase eiφ in a comfortable range. At the same time, we do not believe a
2π
phase φ > 2π is necessary. The re-weighting Ci = R∗ Ci , where R∗ = max(C
satisﬁes the two
i)
previous conditions. Numerically, we ﬁnd that re-weighting the adjacency matrices of all
instances by the factor R indeed concentrates all optimal parameters in a restricted zone
of parameter space.
Practically of course, calculating R∗ implies knowledge of max Ci , which corresponds
to the exact solution to the initial problem. We therefore propose the upper bound R =
2
wmax N4 , where wmax = maxu,v wuv . It is calculated from the best-cut on a complete graph
where all weights would be equal to wmax .
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Algorithm 1: Educated global guess (Egg) optimization
Input : |z0 , Ĉ, M̂, p.
Output: Optimal parameters (γ1 , . . . , γp , β1 , . . . , βp ).
1
2
3
4
5
6
7

γ1 , β1 ← DE(|z0 , Ĉ, M̂)
for k in range(2, p) do
|zk–1  = eiβk–1 M̂ eiγk–1 Ĉ . . . eiβ1 M̂ eiγ1 Ĉ |z0 
γk , βk = DE(|zk–1 , Ĉ, M̂)
local optimization: BFGS(γ1 , . . . , γk , β1 , . . . , βk , |z0 , Ĉ, M̂)
end
return (γ1 , . . . , γp , β1 , . . . , βp )

In the scenario of (SC1), we see that the choice for the optimizer depends on the normalization of the weights. If one manages a good normalization, then local methods of
optimization can be used with high guarantees of success. In general, we advocate the use
of a global optimizer if there is no prior knowledge of the energy landscape.

Appendix C: Finding correct parameters: the Egg optimization and local vs.
global methods
C.1 Educated global guess (Egg) optimization
In order to ﬁnd the best variational parameters for p layers, we develop a method based
on the idea of making an educated guess from previous layers to the new one [56]. The
educated global guess (Egg) optimization process uses the diﬀerential evolution (DE) [55]
rather than a local optimization in an attempt to ﬁnd the global optimum in a wrinkled
energy landscape. (DE) works by starting with an ensemble of points in the phase-space,
called the agent population. Then, theses agents are moved around by recombining their
coordinates, and the function is evaluated for these new agents. If the new position brings
an improvement, it is kept, otherwise it is discarded. This process is repeated until convergence to a minimum, although there is no guarantee that the global minima will be
found. While it cannot be sure that our method will always work perfectly, the constant
growth of the approximation ratio as p increases in our results is a reassuring indicator, as
illustrated on the top panel of Fig. 8. A second major hurdle in the optimization process is
the high-dimensionality of the phase space: for p layers, we need to ﬁnd the global minimum of a space of size 2p. We strongly reduced the complexity of the problem by making
a global educated guess for the optimal parameters at layer p using the optimal parameters
found at layer p – 1 (Alg. 1). The heuristic of an educated guess from the previous layer to
the new one was developed in Ref. [56]. Our version uses a global optimizer rather than
a local one in an attempt to ﬁnd the global optima in a wrinkled energy landscape. This
very much improved computation time by reducing the amount of phase space addressed,
and demonstrated precise results with much fewer function calls than local methods (see
Appendix C). The algorithm is described in pseudo-code below (Alg. 1). It works as follows: ﬁnd optimal parameters (γ1∗ , β1∗ ) for p = 1. For the next layer, optimize the function
C : (γ2 , β2 ) → C(γ1∗ , γ2 , β1∗ , β2 ). As such, two variables are already ﬁxed and the space to
explore is once again only bi-dimensional. Once the optimization ends on the two new

Page 22 of 27

Dalyac et al. EPJ Quantum Technology

(2021) 8:12

Figure 10 Initialization strategy for numerical optimization: a pattern is observed for p = 1 (a) and the a linear
transformation of parameters at p – 1 for p > 1 (b)

coordinates, a local optimization is done on all the coordinates. This quick step enables
to re-calibrate the previous parameters: it is therefore possible to achieve a trotterization
process for high values of p.

C.2 Local vs. global methods
In Ref. [10] the grid search was proposed to ﬁnd optimal parameters for QAOA. This
method returns a global optima but quickly becomes intractable while growing the depth
p. Thus a practical approach is to use numerical optimization methods. They may be divided in two groups: global and local methods. Global optimization procedures (such as
grid search) address a higher amount of the search space while the local ones return a
solution that lays in a neighborhood of a predeﬁned initial point.
An experimental protocol for QAOA should specify the method to use in the parameter
optimization step as well as its additional parameters. Local optimization routines are often used in works on applied QAOA [59–61], however the reasons why a certain method
is chosen for a particular application are usually omitted. For (SC1) we compared diﬀerent methods in terms of their performances (evaluated by the approximation ratio of the
QAOA with returned parameters) and costs (measured in number of calls of the function
to optimize, i.e. a function that computes zγ ,β |Ĉ|zγ ,β ).
In order to apply a local optimization routine one has to specify a good initialization
point. Without any prior knowledge about the parameter space it is chosen randomly from
a set of possible values (usually several points are studied in parallel). However in some
applications a pattern in optimal parameters is observed. Such pattern may rely optimal
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Figure 11 Cost and performance of diﬀerent numerical optimization methods on Max-Cut (SC1), for graphs
with size N = 10. Diﬀerential Evolution (DE) corresponds to a global optimization algorithm, inspired by the
INTERP method. While yielding results very close to Nelder–Mead, it does so by requiring very little number of
function evaluations. Building optimization processes such as DE that require little function evaluations is key
in the NISQ era as it ensures quicker performances on unstable devices

parameter values at diﬀerent depths, as in [56], or the values for certain groups of instances
[62].
For QAOA1 the equality γ = 0 implies the absence of any quantum eﬀect (the resulting
distribution stays uniform). In Fig. 10 we observe that the absolute values of β and γ get
smaller for instances with bigger |V |, but in general it does not imply that the quantum
eﬀect becomes less important as γ may changed to an arbitrary positive value by multiplying all weights with some factor. We also can’t claim that QAOA1 output distribution
gets closer to uniform even if we observed that their mean values eﬀectively get closer.
We found that at depth p = 1 optimal parameter values are close for instances with the
same number of nodes |V | and that they get concentrated while growing the size of the
graph 10. For p = 1 we developed an initialization procedure for local methods that relies
on the observed pattern. At depths p > 1 we used the INTERP heuristic introduces in Ref.
[56] which is based on the intuition that optimal parameters at depth p are close to a linear
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transformation of optimal values at p – 1, which seems to be true for our instances (see
Fig. 10).
A choice of the optimization routine has a high impact on the performance and cost of
an experimental implementation of QAOA as was shown in Ref. [63]. By experimentally
comparing diﬀerent optimization methods we observed that for local methods, a gradientfree Nelder–Mead [64] is the best choice for our purposes: its performance is comparable
to the one of the quasi-Newton BFGS [65] (and both methods outperform the COBYLA
routine [66] which is often used in works on applied QAOA [59]) while it requires less
evaluations of the objective function (see Fig. 11).
We compare these local methods with Diﬀerential Evolution (DE) [55]. We limited the
number of function calls while using DE in order to have the best trade-oﬀ between global
exploration and low number of function evaluation. As seen in Fig. 11, it is a very eﬀective method, for which the approximation ratio grows close to Nelder–Mead using however much less function evaluations with the layers. It should be kept in mind nonetheless
that global optimization methods require tuning hyper-parameters, a process that must
be adjusted by hand. The optimal hyper-parameters might change from one problem to
another, a reason why they are not so popular. But building optimization processes such
as DE that require little function evaluations is key in the NISQ era as it ensures quicker
performances on unstable devices.
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