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Abstract
Variational quantummachine learning algorithms have become the focus of recent
research on how to utilize near-term quantum devices for machine learning tasks.
They are considered suitable for this as the circuits that are run can be tailored to the
device, and a big part of the computation is delegated to the classical optimizer. It has
also been hypothesized that they may be more robust to hardware noise than
conventional algorithms due to their hybrid nature. However, the effect of training
quantum machine learning models under the influence of hardware-induced noise
has not yet been extensively studied. In this work, we address this question for a
specific type of learning, namely variational reinforcement learning, by studying its
performance in the presence of various noise sources: shot noise, coherent and
incoherent errors. We analytically and empirically investigate how the presence of
noise during training and evaluation of variational quantum reinforcement learning
algorithms affect the performance of the agents and robustness of the learned
policies. Furthermore, we provide a method to reduce the number of measurements
required to train Q-learning agents, using the inherent structure of the algorithm.

Keywords: Variational quantum algorithms; Quantum machine learning; Quantum
hardware noise

1 Introduction
Quantum machine learning (QML) is advertised as one of the most promising candidates
for a near-term advantage in quantum computing [1]. The variational quantum algorithms
(VQAs) that are used for this are trained in a hybrid fashion, where a classical optimizer is
used to tune the parameters of a quantum circuit [2, 3]. It is hypothesized that the hybrid
training scheme along with the freedom of adjusting the parameters appropriately, makes
these algorithms inherently robust to quantum hardware noise to some extent [2, 4]. This
hypothesis is also inspired by classical neural networks, which are robust under certain
types of noise. In the classical setting, one can broadly distinguish between two types
of noise: benign noise that does not severely impact the training procedure or can even
improve generalization [5–8], and adversarial noise which is deliberately constructed to
study where neural networks fail [9–12]. Furthermore, we can distinguish between noise
that is present during training, and noise that is present when using the trained model.
Adversarial noise is usually of the latter case, where a trained neural network can produce
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completely wrong outputs due to small perturbations of the input data [13]. The benign
type of noise mentioned above, on the other hand, is usually present at training time in
form of perturbations of the input data, activation functions, weights or structure of the
neural network, and has even been established as a method to combat overfitting in the
classical literature [5–8, 14]. These results inspired the hypothesis that variational quan-
tum algorithms possess a similar robustness to certain types of noise and may even benefit
from its presence when trained on a quantum device. However, thorough investigations
that confirm such robustness of VQAs against hardware-related noise, or even a benefi-
cial effect from it, are still lacking. In terms of negative results for the trainability of VQAs
under noise, it has been shown that optimization landscapes of noisy quantum circuits
become increasingly flat at a rate that scales exponentially with the number of qubits un-
der local Pauli noise when the circuit depth grows linearly with the number of qubits [15].
In the case of the variational quantum eigensolver, where the goal is to find the ground
state of a given Hamiltonian, the presence of noise has been shown to lead to increasing
deviation from the ideal energy [16]. Similar effects have been studied in the context of the
quantum approximate optimization algorithm (QAOA) [17], where the goal is to find the
ground state of a Hamiltonian that represents the solution to a combinatorial optimization
problem [18, 19].

When it comes to QML, in-depth studies on the effect of noise on the trainability and
performance of VQAs are scarce. Apart from the work mentioned above on noise-induced
barren plateaus [15], the authors of [20] provided first insights into how the data encoding
method used in a quantum classifier influences its resilience to varying types of noise. As
for the potential benefit of noise, the authors of [21] show that the stochasticity induced by
measurements in a QML model can help the optimizer to escape saddle points. The above
results show that, on the one hand, too much noise will make the model untrainable, while
on the other hand, modest amounts of noise can even improve trainability [21]. However,
it remains unclear how large the gap is between tolerable and harmful amounts of noise
[4], and it is not expected that this can be answered in a general way for all different types
of learning algorithms and noise sources.

In this work, we shed light on this question from the angle of variational quantum rein-
forcement learning (QRL). Classical reinforcement learning (RL) models have been shown
to be sensitive to noise, either during training [22] or in the form of adversarial samples
[23, 24]. Additionally, it is known that a bottleneck of RL algorithms is their sample in-
efficiency, i.e., many interactions with an environment are needed for training [25]. Still,
RL resembles human-type learning most closely among the main branches of modern
ML, and therefore motivates further studies in this area. Among these studies, RL with
VQAs has been proposed and extensively investigated in the noise-free setting over the
past few years [26–34]. These results provide promising perspectives, as quantum models
have empirically been shown to perform similarly to neural networks on small classical
benchmark tasks [29, 32], while at the same time an exponential separation between clas-
sical and quantum learners can be proven for specific contrived environments based on
classically hard tasks [28, 29]. These results motivate further studies on how large the
above-mentioned gap between tolerable and too much noise is in the case of variational
RL algorithms, and how close the algorithm performance can get to the noise-free setting
for various types of noise that can be present on near-term devices.
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Figure 1 Summary of the scenarios analysed in the present work. We consider two models for quantum
reinforcement learning (QRL) agents and test their performance on two environments, CartPole and the
Travelling Salesperson Problem (TSP). We analyse the performance of the agents when these are trained
and used in the presence of the most common noise sources found on real quantum hardware, namely
statistical fluctuations due to shot noise, coherent errors due to imperfect control or calibration of the device,
and incoherent errors coming from the unavoidable interaction of the quantum hardware with its
environment

We investigate this for two types of variational RL algorithms, Q-learning and the policy
gradient method, by performing extensive numerical experiments for both types of algo-
rithms with two different environments, CartPole and the Travelling Salesperson Prob-
lem, and under the effect of a wide class of noise sources, namely shot noise, coherent and
incoherent errors. In Fig. 1 we summarise the approach of the present work showing the
QRL models, environments and noise sources considered in the analysis. We start by con-
sidering the trade-off between the number of measurement shots taken for each circuit
evaluation and the performance of variational agents. As the number of shots required by
a QML algorithm can be a bottleneck on near-term devices and RL is known to require
many interactions with the environment to learn, we propose a method for Q-learning
to reduce the number of overall measurements by taking advantage of the structure of
the underlying RL algorithm. Second, we model coherent errors with a random Gaussian
perturbation of the variational parameters, and analytically study the effect of these per-
turbations on the output of parameterised quantum circuits, similarly to [35]. We provide
an upper bound on the perturbation induced by such Gaussian coherent noise based on
the Hessian matrix of the circuit, and theoretically and numerically show that hardware-
efficient ansätze may be particularly resilient against this type of error due to small second
derivatives [36]. Finally, we analyse the performance of the above algorithms under the
action of incoherent errors coming from the unavoidable interaction of the qubits with
the environment which we have no control over. To study this type of noise, we start by
investigating the effect of single-qubit depolarization channels. In addition, we consider
a custom noise model that combines various types of errors present on hardware, and
study the effect of this noise model with error probabilities that are present in currently
available superconducting quantum hardware. Our results show that both policy gradi-
ent methods and Q-learning exhibit a robustness to noise that may enable successfully
running them on near-term devices. This motivates further study in the quest to find a
real-world problem of interest where a quantum advantage for variational RL could be
possible.
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2 Reinforcement learning
In this section, we will provide a brief introduction to RL that contains the basics necessary
to understand this work. For a more in-depth introduction to the topic we refer the reader
to [37].

In RL, an agent learns to perform a specific task by trial and error through interacting
with an environment. In contrast to supervised learning, this means that there is no ne-
cessity for a preexisting training dataset made of pairs of inputs and corresponding correct
labels. Instead, the learning task is specified in terms of an environment and a reward func-
tion. The environment is defined in terms of its state space S and its action space A, as
well as a transition function Pa

ss′ = P(s′|s, a) that specifies the probability of transitioning
to state s′, given that the previous state is s and action a is taken. The agent can use the
actions a ∈A to move across states s ∈ S of the environment, and receives a reward r that
informs it about the quality of the chosen action. The agent chooses its actions based on
a policy π (a|s) which specifies the probability of taking actions given states, and its goal is
to maximize the rewards. This is formally defined as a quantity called the expected return,
which is the random variable Gt ,

Gt =
∞∑

k=0

γ k · rt+1+k , (1)

where γ ∈ [0, 1) is a discount factor that controls the significance of delayed rewards, t
is the current time step and rt represents the reward at the given time step. Typically we
work in episodic environments with a fixed time horizon H , so that the sum in Equation
(1) runs until H instead of infinity. We can then quantify the agent’s performance in terms
of a value function,

Vπ (s) = E
π

[H–1∑

k=0

γ k · rt+1+k

∣∣∣st = s

]
, (2)

which is the expected return when following a given policy π from an initial state s. There
are many different approaches to maximize the expected return, and we focus on the two
main paradigms used in state-of-the-art RL: value-based and policy gradient methods. We
will now introduce both of these in more detail.

2.1 Value-based methods
One approach to maximizing the expected return is to parameterize and train the value
function in Equation (2) directly with a function approximator. This function approxi-
mator can be implemented for example as a neural network (NN) [38] or a parameterised
quantum circuit (PQC) [26, 27, 29]. The value-based method that we focus on in this work
is called Q-learning. While the value function in Equation (2) is called the state-value func-
tion as it only depends on the state, in Q-learning we try to approximate the action-value
function that additionally depends on the action,

Qπ (s, a) = E
π

[H–1∑

k=0

γ k · rt+1+k

∣∣∣st = s, at = a

]
. (3)



Skolik et al. EPJ Quantum Technology            (2023) 10:8 Page 5 of 43

For a parametrized Q-function Qπ (s, a; θ ) the goal is then to approximate the optimal
Q-function Q∗ as closely as possible, where the optimal Q-function is the one that leads
to the optimal policy. The actions are chosen such that in each time step, the agent prefers
to take the action that has the highest expected return, i.e.,

at = argmax
a

Qπ (st , a; θ ). (4)

Due to this choice being deterministic, a Q-learning agent may never visit certain states of
the environment and therefore not explore the state space sufficiently to find a good policy.
In order to facilitate exploration, in practice a so-called ε-greedy policy is used, where the
agent selects a random action instead of that corresponding to the largest Q-value with
probability ε. Typically, ε is chosen large at the beginning and decreased over the course
of training. In each training step, the Q-values are updated as follows,

Qπ (st , at ; θ ) ← rt+1 + γ max
a

Qπ (st+1, a; θ ). (5)

In order to train a function approximator like a NN or a PQC, the right-hand side of
Equation (5) is used as a label in a supervised learning setting. This means that the function
approximator is updated based on its own predictions about the expected return under
the current parametrization, in addition to the reward given by the environment. Conse-
quently, the agent needs to learn a moving target, which can lead to instability of training
and delayed convergence. Additionally, updates are always based on the latest observed
rewards, so the agent can “forget” previously learned behaviour even when it was benefi-
cial.

To stabilize training, two components have been added to the algorithm: a second model
to compute the Q-values on the right-hand side of Equation (5), called the target model,
which is identical to the Q-function approximator but with parameters that are updated
with a copy of the Q-function approximator’s parameters only at fixed intervals. This
decreases the rate of change in the prediction of the expected return used for parame-
ter updates, and can therefore make learning more stable. Additionally, past interactions
with the environment are stored in a memory and then randomly sampled to perform pa-
rameter updates to remove temporal correlations between transitions. For more detail on
Q-learning with function approximators, also referred to as deep Q-learning in classical
literature, we refer the reader to the seminal work [38].

2.2 Policy gradient method
As described above, a RL agent chooses its actions based on a policy π (a|s), which is the
conditional probability distribution of actions given states. To maximize the expected re-
turn, the agent needs to find the optimal policy π∗. In policy gradient training, the agent is
implemented in form of a parametrized policy πθ , and the goal of the algorithm is to find
the parameters θ∗ that produce the optimal policy. The quality of the policy is measured
by a quantity J(θ ), that in the fixed-horizon setting is equal to the value function (2),

J(θ ) := Vπθ
(s). (6)
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In a gradient-based optimization procedure the parameters are updated according to

θ t+1 = θ t + α∇J(θ t), (7)

with a learning rate α, i.e., we perform gradient ascent on the parameters to maximize
the expected return. The policy gradient theorem [37] then states that the gradient of our
performance measure can be written as

∇J(θ ) = ∇Vπθ
(s)

∝
∑

s
μ(s)

∑

a
∇πθ (a|s)Qπ (s, a)

= E
πθ

[∑

a
∇πθ (a|St)Qπ (St , a)

]
, (8)

where μ(s) is the on-policy distribution under the current policy, which depends on the
time spent in each state, and St in the third line of Equation (8) are states sampled under
the policy π . Using this, we can now derive the REINFORCE algorithm, that is the basis
of policy gradient based training.

Our goal is to perform gradient ascent on the parametrized policy purely from samples
generated from said policy through interactions with the environment. The last line of
Equation (8) still contains a sum over all actions a, which we can replace by the sample
At ∼ π after multiplying and dividing the terms in the sum by πθ (a|St),

∇J(θ ) ∝ E
πθ

[∑

a
πθ (a|St)Qπ (St , a)

∇πθ (a|St)
πθ (a|St)

]

= E
πθ

[
Qπ (St , At)

∇πθ (At|St)
πθ (At|St)

]

= E
πθ

[
Gt

∇πθ (At|St)
πθ (At|St)

]
, (9)

where Gt is the expected return from Equation (1). Now, by using the fact that ∇ log x = ∇x
x ,

we can write

E
πθ

[
Gt

∇πθ (At|St)
πθ (At|St)

]
= E

πθ

[
Gt · ∇ logπθ (At|St)

]
. (10)

This equation allows us to estimate the gradient of J(θ ) by samples from the current policy
πθ , and leads us to the following parameter update in each iteration of the algorithm,

θ ← θ + αγ t
T∑

k=t+1

γ k–t–1Rk∇ logπθ (At , St), (11)

where α is again the learning rate, Rk is the reward, and T is the length of the episode.
Quantum versions of policy gradient based learning have been introduced in [28, 32],
where the policy is implemented in form of a PQC.
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3 Environments and implementation
Our goal is to get insight into the effect of noisy training on quantum RL algorithms. For
this, we consider quantum versions of the two main paradigms in RL that have been in-
troduced in previous sections: value-based methods (see Sect. 2.1) and policy gradient
methods (see Sect. 2.2). As we are interested in the effect of noisy training on models that
have otherwise been proven to work well in the noise-free setting, we study models and
environments that have been already investigated in this setting before [28, 29, 39]. In this
way, we have evidence that the models and hyperparameters that we choose are suitable
for the studied environments, and can focus our efforts on understanding the effect that
noise has on the training and performance of these agents. The code that was used to
generate the numerical results in this work can be found on Github [40].

3.1 CartPole
The first environment that we study is a benchmark task from the classical literature and
implemented in the OpenAI Gym [41]: the CartPole environment. It has been previously
studied in classical and quantum RL literature [27–29, 42]. In this environment, the goal
is to learn to balance a pole that is attached to a cart that can move left and right on a
frictionless track. The state s of the environment is represented by a four dimensional
input vector s → x = (x1, x2, x3, x4) ∈ R

4 encoding the position and velocity of the cart,
and the velocity and angle of the pole. There are two actions that the agent can per-
form: moving the cart left or right. The environment is considered as solved when the
agent manages to balance the pole for an average of at least 195 time steps for 100 con-
secutive episodes. We implement noisy training for the CartPole environment using the
policy gradient approach introduced in [28] and the Q-learning approach introduced in
[29].

The circuit used for Q-learning in [29] consists of five layers of a hardware-efficient
ansatz [43], where each circuit layer consists of one parametrized rotation around the
x-axis per qubit that is used to encode the input states x, and additional parametrized y-
and z-rotations on each qubit that contain the free parameters to be trained (see Fig. 2(a)).
Furthermore, additional trainable parameters multiplying each input feature are used to
increase the expressivity of the reuploading quantum circuit [44, 45]. Each layer also has a
final layer of CZ-gates arranged in a circular topology. The observable for taking the action
“left” is OL = Z1Z2, where Z1 and Z2 are Pauli-Z operators acting on the first and second
qubit, respectively. Similarly, action “right” is associated to the observable OR = Z3Z4, de-
fined on the third and fourth qubit. In order to facilitate the function approximation of
the optimal Q-function, which has a range of output values beyond that of ZiZj operators,
each expectation value is further multiplied with an additional trainable weight, such that
the final Q-value for action “left” is

Q(s, L) =
〈OL〉s,θ + 1

2
wL (12)

=
〈0|U†

θ (s)OLUθ (s)|0〉 + 1
2

wL, (13)

where Uθ (s) represents the unitary of the parameterised circuit depending on the train-
able parameters θ and the input state s, and wL is the trainable weight correspond-
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Figure 2 Parameterised circuits used in this work. (a) Hardware-efficient ansatz for Q-learning in the CartPole
environment from [29], (b) hardware-efficient ansatz for policy gradient method in the CartPole environment
from [28], (c) equivariant quantum circuit for Q-learning and policy gradient method in the TSP environment
from [39]. For (a) and (b) we use 5 repetitions of the template shown above, while for (c) we use just one layer

ing to observable OL. The Q-value for the action “right” is defined in a similar man-
ner.

For the policy gradient method, we follow the implementation used in [28] and made
available at [46], which uses five layers of the same hardware-efficient ansatz as described
for Q-learning above, except that each layer has an additional trainable rotation around
the x-axis on each qubit (see Fig. 2(b)), and the actions observables are defined as OL =
Z1Z2Z3Z4 and OR = I – OL. As before, input features are multiplied with an additional
trainable parameter each. Since the policy is a probability distribution, a final SoftMax
layer is used to map the expectation values 〈Oa〉s,θ ∈ [–1, 1] to the appropriate range [0, 1],
and so probabilities for each action eventually become

πθ (a|s) =
eβ〈Oa〉s,θ

∑
a′ eβ〈Oa′ 〉s,θ

, (14)

where β ∈R is a also a trainable parameter.
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3.2 Traveling salesperson problem
The second environment that we study is more complex and requires introducing the field
of neural combinatorial optimization (NCO). NCO is an alternative to the hand-crafted
heuristics used in combinatorial optimization, where instead a machine learning model is
trained to solve instances of a given combinatorial optimization problem [47]. In the case
of RL-based NCO, the optimization problem is defined in terms of an environment and
the quality of the solution is measured by the reward function. In this work, we study a
quantum NCO approach that learns to solve instances of the Traveling Salesperson Prob-
lem (TSP), as introduced in [39]. In TSP one is presented with a list of cities in form of a
weighted graph, and the goal is to find the tour of minimal length that visits each city in
this list exactly once.

In this environment one episode consists in solving one instance, where the agent selects
the cities in the tour in a step-wise fashion. States in this environment are instances of the
TSP, in addition to the partial tour at the current time step. The actions are defined in
terms of the cities, where in each time step the agent can select one of the cities that is
not yet in the tour. The reward is the negative difference in length between the tour at the
previous time step and the tour after adding the latest city, as we want to minimize the
length of the tour while RL agents try to maximize the expected reward. We evaluate the
quality of the tours proposed by the agents in terms of the approximation ratio

c(T)
c(T∗)

,

where c(T) is the length of the tour T proposed by the agent, and c(T∗) is the length of the
optimal tour T∗. The stopping criterion for this environment is an average approximation
ratio of at least 1.05 over the past 100 episodes.

To implement a quantum agent for this environment, we follow [39], where the infor-
mation of the TSP graph instance is directly encoded into a PQC and each graph node
corresponds to one qubit. Each layer in this ansatz consists of one rotation around the
x-axis parametrized by αiβl , where αi ∈ {0,π} represents whether city i is already in the
current tour (αi = 0), or still available for selection (αi = π ), and βl is a trainable parameter
that is shared across all single-qubit gates in layer l. The graph’s edges in each layer are
represented by a ZZ-gate parametrized by εijγl , where εij is the weight of edge connecting
nodes i and j, and γl is a trainable parameter that is shared across all two-qubit gates in
layer l. Such ansatz is shown in Fig. 2(c).

In the case of Q-learning, the observables are ZZ-operators that correspond to the edges
in the graph, i.e., ZiZj is measured for edge ij. For policy gradient agents the observables
are the same, but as the policy has to be a probability distribution we again use a final
SoftMax layer with a trainable inverse temperature β , as in Equation (14). The authors
of [28] have shown that using this type of final layer can be highly beneficial for policy
gradient training, compared to only using the probability distribution resulting from the
quantum state directly. This is due to the fact that the trainable inverse temperature en-
ables the agent to tune its level of exploration of the state space. As the optimal solutions
to TSP instances are deterministic, it is favourable in this environment to have a tunable
inverse temperature that allows exploration of the large state space early in training, as
well as close-to-deterministic decisions towards the end.
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4 Shot noise
We start our studies with the type of noise that is arguably the simplest to characterize:
noise induced by statistical errors that result from the probabilistic nature of quantum
measurements. For each circuit evaluation, be it for action selection of the RL agent or
for computing parameter updates via the parameter shift rule, we take a fixed number
of measurements M and compute the resulting expectation value. The precision of this
expectation value depends on M and scales like ε ∼ 1/

√
M.

Variational algorithms often require a very large number of measurements to be exe-
cuted, and this problem is exacerbated in QML tasks that typically involve separate cir-
cuit evaluations for all training data points. For this reason, it is not only important to
understand the effect of shot noise on the trainability and performance of QML models,
but it is also desirable to develop methods that lead to a smaller shot footprint than simply
assigning a fixed number of shots to each circuit evaluation. Depending on knowledge of
the algorithm itself, it can be possible to make an informed decision on the number of
shots that suffice in each step. In this section, we develop such a method specifically for
Q-learning that is a natural extension to the original algorithm.

4.1 Reducing the number of shots in a Q-learning algorithm
As described in Sect. 2.1, a Q-learning agent selects actions based on the following rule
(see Equation (4))

at = argmax
a

Qπ (st , a; θ ),

that is, it chooses actions according to the largest Q-value.1 Now, consider a quantum
agent that only has access to noisy estimates of the Q-values Q̃(st , at ; θ ) resulting from the
statistical uncertainty of a measurement process involving a finite number of shots M.
If the sample size is large enough M � 1, then by the central limit theorem each noisy
Q-value can be described as a random variable

Q̃(st , at ; θ ) = Q(st , at ; θ ) + ε, (15)

where Q(st , at ; θ ) is the true noise-free value, and ε is a random variable sampled from
a Gaussian distribution centered in zero με = E[ε] = 0, and with standard deviation in-
versely proportional to the square root of the number of measurement shots σε = Std[ε] ∼
1/

√
M. Since actions are selected through an argmax function, the perturbation ε will not

affect the action selection process as long as the order between the largest and the remain-
ing Q-values remains unchanged. Then, one may ask: is there a minimal number of shots
that suffice to reliably distinguish the largest Q-value Qmax and the second-largest Q-value
Q2?

When the observables associated to the actions are non-commuting, they have to be
estimated independently from each other, and one has the freedom of choosing how to
allocate the measurement shots among the observables of interest, possibly in a clever

1In the ε-greedy policy (see Sect. 2.1) we consider here, the agent picks either the action corresponding to the argmax
Q-value, or a random action. As no circuit evaluation is required to pick a random action, we only consider the steps with
actual action selection by the agent in this section.
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way. In our case, the goal is to estimate which of the observables has the highest Q-value
while trying to be shot-frugal, and this task can be related to the theory of multi-armed
bandits [48]. The multi-armed bandit is a RL problem in which an agent can allocate only
a limited amount of resources between a number of choices, e.g., a number of arms on
a bandit machine, and is asked to determine which of these choices leads to the highest
expected reward. There exists a trade-off between exploration (i.e., trying the different
arms) and exploitation (always choosing the arm that appears best according to the current
knowledge), and the upper confidence bound (UCB) [49, 50] algorithm shows how to use
statistical confidence bounds to allocate exploratory resources. The UCB algorithm could
be used in the scenario described above where a number of non-commuting observables
have to be estimated, and we want to find the optimal strategy to allocate a fixed budget
of measurement shots to the task of identifying the largest Q-value.

However, in the specific implementations of QRL agents based on recent literature that
we study in this work [28, 29, 39], only commuting observables are used, hence it is not
necessary to apply the UCB procedure to determine which one should be measured more
often. Nonetheless, inspired by the UCB algorithm, we can still define a rather general
simple heuristic that can be used to reduce the overall number of shots required to train
the Q-learning models as those studied in this work. The idea is to use the knowledge
about the scaling of the estimation error with respect to the number of measurements
(see Equation (15)), to determine with confidence whether we have taken enough shots to
determine the maximum Q-value.

The procedure goes as follows. First, we take a small number of initial measurements
minit, for example minit = 100, of all observables to compute the estimates Q̃minit (st , a),
∀a ∈ A. Based on these values, we compute the absolute difference between the largest
and the second largest Q-values. If this difference is larger than twice the estimation er-
ror ε = 2/√minit (as both of the Q-values are noisy), we have found the largest Q-value
with high confidence and we stop here. On the other hand, if the difference is smaller, we
increment the sample size with additional minc measurements each, and recompute the
estimated Q-values with the minc + minit shots. We again compute the absolute difference
of the two largest Q-values and determine whether the number of measurements suffices
based on the error ε = 2/√minit + minc. This measure-and-compare scheme is performed
until either the two largest Q-values can be distinguished with high confidence, or a fixed
shot budget mmax is reached.

In Algorithm 1 we provide a description of this procedure, where for the sake of sim-
plicity we describe the case where there are only two possible actions, and we therefore
only have to find the larger of two Q-values. However, the scheme can be used for an arbi-
trary number of Q-values, as it is only important to distinguish between the highest and
the second-highest Q-value with high confidence. The algorithm takes as input the num-
ber of initial measurements minit, the number of additional measurements in every step
minc, and the maximum number of measurements that are allowed in one run of the shot-
allocation algorithm (i.e., finding the largest Q-value) mmax. The output is the number of
measurements mest that are sufficient to find the argmax Q-value with high confidence
based on the rules above. The values 〈Oai〉mest are the expectation values of observables
Oai corresponding to action ai, estimated with mest shots. Note that the proposed scheme
works both for commuting or non-commuting observables, where in the former case one
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Algorithm 1: Algorithm to reduce the number of measurements in Q-learning
Input : minit, minc, mmax

Output: mest

mest ← minit;
while mest < mmax do

Q̃(st , a1) = 〈Oa1〉mest ;
Q̃(st , a2) = 〈Oa2〉mest ;
	Q̃ = |Q̃(st , a1) – Q̃(st , a2)|;
if 	Q̃ < 2/√mest then

mest ← mest + minc;
else

return min(mest, mmax);
end

end
return min(mest, mmax);

can spare shots by computing the observables from the same set of measurement out-
comes. Moreover, note that we ignore the coefficients in the statistics of the Q-values
coming from Equation (12), when considering the measurement stopping criterion. This
choice has no impact on the effectiveness of the proposed method, as it is always found to
be very well performing in the presented form.

While this algorithm can clearly determine the optimal number of shots in the action
selection process in a methodical manner, one should check that this will not introduce
errors in the remaining parts of the variational Q-learning model, i.e., during the parame-
ter update step. Recall that each parameter update of the model is computed based on the
output of the model itself (see Equation (5))

Qπ (st , at ; θ ) ← rt+1 + γ max
a

Qπ (st+1, a; θ ),

which means that in the parameter update step we do not need to perform action selec-
tion, but instead care about the actual Q-values in order to compute the loss function. The
question is now to what precision we need to approximate the Q-values in order to learn a
good Q-function. Technically, even the noise-free Q-function is only an approximation of
the true Q-function, which is the whole point of doing Q-learning with function approx-
imators. This suggests that there is some leeway to make even the approximate function
itself an approximation by taking only as many measurements as are necessary to find the
argmax Q-value with high confidence. Indeed, it has been shown in [29] that even the
Q-functions of agents that successfully solve an environment can produce Q-values that
are far from the optimal Q-values, and that learning the correct order of Q-values is more
important in this setting than approximating the optimal Q-value as precisely as possi-
ble. Consequently, when we compute the Q-values that are used to perform parameter
updates, we use the same algorithm as that in Algorithm 1 to determine the number of
measurements to take.
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Figure 3 Comparison of the cumulative number of shots per observable over a full training run, for the
flexible shot allocation technique (blue) and for a standard fixed measurement scheme using the same
number of shots for every circuit evaluation (orange), both for CartPole (triangles) and TSP (circles). Each data
point shows the average over ten trained agents

4.2 Numerical results
We now numerically compare the performance of agents in the CartPole and TSP envi-
ronments in settings where a fixed number of shots is used in each circuit evaluation, and
where the number of shots in each step is determined by the algorithm we introduced
in Sect. 4.1. To give an overview of the number of shots used in one training run under
varying hyperparameter settings, we show the average cumulative number of shots for
different settings in Fig. 3. For the CartPole environment (triangles), the number of cu-
mulative shots grows quickly with the number of shots in each step in the fixed setting
(orange). This is not true for the flexible shot allocation technique (blue), where for values
of mmax ∈ {100, 1000, 10,000} the cumulative number of shots is relatively similar. As we
see in Fig. 4 a), a low number of shots such as 1000 is already sufficient to achieve close
to optimal performance in the CartPole environment. Therefore, we focus on comparing
settings with 100 and 1000 (maximum) shots per circuit evaluation in that figure. Com-
paring the cumulative number of shots for mfixed = 100 and mmax = 1000 in Fig. 3, we see
that these two configurations use almost the same number of measurements overall. Still,
the final performance of the agents trained with the flexible shot allocation technique is
almost optimal, while those trained with a fixed number of shots in each circuit evaluation
are below a final score of 175 on average. However, as we allow agents to use even less than
100 shots per evaluation with the flexible allocation method of Algorithm 1, performance
starts to degrade, so at least 100 shots are required in this setting. To not clutter the fig-
ure we show the results for agents that use fewer than 100 shots per circuit evaluation in
Fig. 15 in the Appendix.

In the TSP environment, each step in an episode constitutes of a constant and (compared
to CartPole) relatively low number of circuit evaluations. We still see that the higher the
setting for the (maximum) number of shots is, the bigger the gap in average cumulative
number of shots becomes. For agents trained in the TSP environment, shown in Fig. 4 b),
the final performance remains unchanged by the additional noise introduced by the flex-
ible shot allocation technique, and agents reach the same accuracy of those trained with
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Figure 4 Comparison of Q-learning with shot noise using the informed shot-allocation method (labeled
“max shots”) proposed in this work, and a standard measurement scheme that simply assigns a fixed number
of shots to each circuit evaluation (labeled “shots”). Results are averaged over ten agents for each
configuration. (a) Shows results for agents trained in CartPole environment, (b) shows results for agents in the
TSP environment

a corresponding but fixed number of shots per circuit evaluation. The only difference be-
tween the two approaches is that the agents using the flexible shot allocation method take
slightly longer to converge in some cases. Independently from the estimation method used
(flexible or fixed), it is clear from Fig. 4 that it is the number of shots available that plays the
major role in determining the performance of the noisy agents, as measured by the prox-
imity to the average approximation ratios reached in the noise-free scenario, namely when
agents have access to exact the expectation values (M → ∞). In this environment, there is
a trade-off between delayed convergence due to less precision in the approximation of the
Q-function, and using a higher number of shots to arrive at the same final performance.

To summarize, we have seen that Q-learning models can be successfully trained even
in the presence of statistical noise introduced by a measurement processes carried out
with a limited number of shots. In addition, by leveraging the specifics of the Q-learning
algorithm, we introduced an easy-to-implement and effective method that can be used
to reduce the number of shots needed to train variational Q-learning agents. How many
shots one can save during training with this method depends on the agents’ resilience to
shot noise, as well as the specific characteristics of the environment. In the CartPole envi-
ronment, where one bad decision does not lead to immediate failure, the additional noise
introduced by estimating expectation values with a low number of measurements and ap-
proximating an imprecise Q-function does not affect performance severely. In the TSP
environment on the other hand, where one bad choice of the next city in the tour can lead
to a much longer path, we observe that the number of measurements has to be relatively
high to get close to optimal performance. However, even in this setting we can achieve
a reduction in the overall number of measurements by taking an informed approach at
when to measure an observable more often.

5 Coherent noise
In this section, we turn our attention to coherent noise, that is, errors that preserve the
unitary evolution of the quantum circuit but still change its output [51]. In our analysis, we
model coherent noise as an over- or under-rotation of the parametrized gates, by adding
a random Gaussian perturbation to the variational parameters in the considered circuits.
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This type of error could occur in real quantum devices as a drift in the parameters for ex-
ample due to an imperfect control of the system or a miscalibration of the hardware, and
it is therefore an important component of the overall picture of an imperfect quantum
device. Specifically, we assume that the perturbation remains unchanged during the esti-
mation of a given observable, i.e. it does not change considerably between repeated mea-
surements on the same experimental setup. However the perturbation amount changes
whenever the experiment is changed, for example due to measuring a different observ-
able, or using the circuit with a different set of parameters.

Gaussian coherent noise is also an interesting model because it lends itself very well
to theoretical analysis, and one can estimate the effect of such an error on the output
of a parameterised quantum circuit. In the following, we first proceed with an analytical
treatment of the error introduced by Gaussian perturbations on variational circuits, and
then proceed with the numerical results for the two environments considered in this work.

5.1 Effect of Gaussian coherent noise on circuit output
Consider a general parametrized quantum circuit acting on a system of n qubits, with
unitary U(θ ) ∈C

2n ×C
2n and parameter vector θ = (θ1, . . . , θM) ∈R

M . Let O be on observ-
able and ρ = |0〉〈0| the initial state of the quantum system, the outcome of the variational
circuit is the expectation value

f (θ ) = 〈O〉θ = Tr
[
OU(θ )ρU†(θ )

]
. (16)

Suppose that the parameters are affected by a noise process that adds a perturbation

θ → θ + δθ , (17)

where δθ = (δθ1, . . . , δθM) ∈R
M are i.i.d. according to a Gaussian distribution N (μ,σ ) with

zero mean μ = 0 and equal variance σ 2, namely

δθi ∼N
(
0,σ 2),

E[δθi] = 0,

E[δθiδθj] = σ 2δij,

∀i ∈ {1, . . . , M}. (18)

As discussed earlier, in our analysis in this section and in the numerical simulations in
Sect. 5.3.1, we assume that the perturbed parameters remain the same during the evalua-
tion of a single expectation value. In a real experiment on quantum hardware, this would
mean that for all measurements used to estimate the expectation value, the perturbations
stay at least approximately unchanged. Of course, without this assumption, the resulting
noise model could not be considered unitary, and one may then resort to a noise channel
formulation of Gaussian noise as proposed in [4, 35]. Hence, in the following we restrict
our attention to the setting described above.

The effect of Gaussian noise on the circuit can be evaluated by Taylor expanding the
circuit around the unperturbed parameters θ . For ease of explanation, we hereby report
only the main ideas and results, and we refer to Appendix B for a complete and detailed
derivation of all the calculations performed in this section.
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Let f (θ +δθ ) be the function evaluated on the perturbed parameters, its Taylor expansion
up to fourth-order reads

f (θ + δθ ) ≈ f (θ ) +
M∑

i=1

∂f (θ )
∂θi

δθi +
1
2

M∑

i,j=1

∂2f (θ )
∂θi∂θj

δθiδθj

+
1
3!

M∑

i,j,k=1

∂f (θ )
∂θi∂θj∂θk

δθiδθjδθk + O
(
δθ4).

(19)

With this expression one can evaluate the expected value of the noisy function E[f (θ +
δθ )] over the distribution of the Gaussian perturbations, E(·) = Eδθi∼N (0,σ 2)(·). Since every
odd moment of a Gaussian distribution vanishes, using relations (18) in the expansion (19)
one obtains

E
[
f (θ + δθ )

] ≈ f (θ ) +
1
2

∑

ij

∂f (θ )
∂θi∂θj

E[δθiδθj]

≈ f (θ ) +
1
2
σ 2

∑

ij

∂f (θ )
∂θi∂θj

δij

≈ f (θ ) +
1
2
σ 2 Tr

[
H(θ )

]
+ O

(
σ 4),

(20)

where Tr[H(θ )] denotes the trace of the Hessian matrix

Hij(θ ) =
∂2f (θ )
∂θi∂θj

, i, j = 1 . . . , M. (21)

Thus, the first non-vanishing correction term caused by the noise is proportional to the
noise variance σ 2, and the Hessian of the parametrized quantum circuit, which conveys
geometric information about the curvature of the function landscape around the unper-
turbed point θ .

Higher-order terms in the expansion can be evaluated in a similar way, specifically mak-
ing use of so-called Wick’s relations for multivariate normal distributions as shown in
Appendix B. If all the derivatives of the function f (θ ) are bounded, as it is the case for
parametrized quantum circuits, then it is possible to derive an upper bound on the error
induced by the perturbations which only depends on the noise strength σ 2 and the total
number of parameters M, as we show in the following.

Using the parameter shift rule [52, 53], one can show that any derivative of a para-
metrized quantum circuit can be expressed as a linear combination of circuit outcomes
evaluated at specific points in parameter space [35, 36]. Let α = (α1, . . . ,αM) ∈ N

M be a
multi index keeping track of the order of partial derivatives, define the derivative operator

∂α :=
∂ |α|

∂θ
α1
1 · · · ∂θ

αM
M

, (22)

where |α| :=
∑M

i=1 αi. By nested applications of the parameter shift rule, one can show that

∂α f (θ ) =
1

2|α|

2|α|∑

i=1

smf (θm), (23)
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where sm ∈ {±1} are signs, and θm are parameters obtained shifting the parameter vec-
tor θ along different directions. Now, since the measurement outcome of every circuit is
bounded by the maximum absolute eigenvalue of the observable, i.e. |f (θ )| ≤ ‖O‖∞, con-
sequently it also holds that |∂α f (θ )| ≤ ‖O‖∞ (see Appendix B). Note that we only consider
bounded observables here, like the Pauli operators commonly used in variational RL al-
gorithms [26–29].

Since all the derivatives of the function are bounded, it is possible to bound every term
in the Taylor series and then compute an upper bound to the error caused by the pertur-
bation. In fact, defining the absolute (average) error caused by the noise as

εθ :=
∣∣E

[
f (θ + δθ )

]
– f (θ )

∣∣, (24)

one can prove that this is upper bounded by (see Appendix B)

εθ ≤ ‖O‖∞
(
eσ 2M/2 – 1

)
. (25)

Note that since εθ ≤ 2‖O‖∞ is always true, the bound is informative only as long as eσ 2M/2 –
1 < 2.

This expression only depends on the noise strength σ 2, the total number of noisy pa-
rameters M, and the operator norm of the observable ‖O‖∞, and it can be used to estimate
a sufficient condition on the noise strength to guarantee a desired error threshold εθ . Re-
arranging Equation (25), a sufficient condition to have error εθ not larger than ε, is to have
Gaussian perturbations satisfying

σ ≤
√

2
M

log

(
1 +

ε

‖O‖∞

)
. (26)

As the allowable error is small ε � 1, by approximating the logarithm log(1 + x) ≈ x, one
derives that the perturbations must follow the scaling

σ ∈O
(

ε

M1/2‖O‖∞

)
. (27)

Note that a similar scaling law was recently derived also in [35], though via a slightly dif-
ferent method based on the moment generating function of the probability distribution
characterising the perturbations.

To provide an example, assume one is willing to tolerate an error of ε = 10%, that
‖O‖∞ = 1 as for measuring a Pauli operator and that the PQC consists of M = 100 noisy
parametrized gates, then one can be sure of such accuracy if σ ∼ 0.1/

√
100 = 0.01. How-

ever, we stress again that the scaling Equation (26) is only a sufficient but not necessary
condition for achieving an error ε. In fact, apart from the requirement of bounded deriva-
tives, Equation (26) is agnostic with respect to the specifics of the function, and such bound
can be quite loose in real instances where a much larger noise level still causes a small error,
as shown in Fig. 5.

In Fig. 5, we report simulation results obtained by simulating the parametrized ansatz
depicted in Fig. 2(b) subject to Gaussian coherent noise of increasing strength. It is clear
that the output of the circuit closely follows the approximation of Equation (20) given by
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Figure 5 Effect of Gaussian coherent noise on the output of the parametrized quantum circuit shown in
Fig. 2(b). The plot is obtained by first choosing a parameter vector θ0 ∈R

92 corresponding to a the ideal
noise-free expectation value f (θ0) = 〈O〉 with O = Z⊗4. With this baseline fixed, random Gaussian
perturbations are added to the angles θnoisy = θ0 + δθ , and the resulting noisy expectation vales 〈O〉noisy are
computed. Each point in the plot is the average over N = 105 different perturbation vectors sampled from a
multivariate Gaussian distribution of a given σ . The experiments are then repeated for increasing values of
the noise strength σ . The error bars show the statistical error of the mean. For small noise levels, the output of
the quantum circuit closely follows the behaviour predicted by Equation (20), where the Hessian is evaluated
at the unperturbed value H = H(θ0). When the error is too large the circuit behaves as a random circuit whose
output is on average zero, hence the error plateaus to the unperturbed expectation value ε = |〈O〉| = |f (θ0)|).
The upper bound predicted by Equation (25) is very loose in general, and holds tightly only for very small
values of σ � 0.01

the Hessian even at moderately large value of the noise σ � 0.15. When the noise is too
strong (σ > 0.2), the circuit becomes essentially random, and the average expectation value
when measuring a Pauli operator is zero. This is a consequence of PQCs often behaving
like unitary designs upon random initialization of the parameters [54, 55], a fact which we
discuss in detail in Sect. 5.2. At last, as discussed earlier, while the upper bound (25) holds,
it is indeed very loose and only holds tightly at small σ � 0.01.

We now proceed discussing why hardware-efficient parametrized quantum circuits can
be resilient to Gaussian coherent noise. Roughly, this is because such circuits are found to
behave like random unitaries upon random assignment of the parameters, which implies
that the derivatives of such circuits tend to vanish as the system size grows large [36].

5.2 Resilience of hardware-efficient ansatzes to Gaussian coherent noise
The previous analysis showed that Gaussian perturbations induce an error depending on
the Hessian of the circuit (see Equation (20)), so that up to fourth order in the perturbation
it holds that

E
[
f (θ + δθ )

] ≈ f (θ ) +
1
2
σ 2 Tr

[
H(θ )

]
. (28)

This equation tells us that if the optimization landscape is flat or close to being flat,
then the Hessian is small, and so the perturbation will have little effect on the output of
the circuit. On the contrary, in the presence of a very curved landscape, noise will have a
great impact and the output of the circuit may change sensibly. It is known that the cur-
vature of the optimization landscape produced by a PQC is closely related to the barren
plateau phenomenon [54–56], where the variance of the first and second derivative van-
ishes exponentially in the number of qubits and layers in a random circuit. Additionally,
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the hardware-efficient ansatz we use for some of the environments in this work is known
to suffer from barren plateaus when the system size is large. As the curvature of the opti-
mization landscape of these types of circuits is very flat, it can also be expected that the
type of noise induced by the Gaussian perturbations on parameters that we study in this
work should not affect circuits that generally produce small first and second order deriva-
tives. While circuits that are in the barren plateau regime are obviously undesirable as they
quickly become untrainable, one can consider circuits of the size such that the variance
in gradients is relatively small, but the circuit has not yet converged to an approximate
2-design, as shown in [54]. We make this statement more formal in the following.

We can use standard results on averages of unitary designs [57, 58] to characterize the
Hessian of hardware-efficient circuits, and thus gain insight on their performance under
Gaussian noise. We report the main results of our analysis here, full derivations can be
found in Appendix B.2. In the following, we suppose that sampling a random value of the
parameter vector θ in the parametrized circuit U(θ ), is equivalent to sampling a unitary
from a unitary 2-design, defined as a set of unitary matrices that match the Haar distri-
bution up to the second moment. Also, we consider observables O being Pauli strings, so
that Tr[O] = 0 and Tr[O2] = 2n. In order to distinguish from the previous notation where
averages were computed over the Gaussian distribution of the perturbations, we use EU [·]
and VarU [·] to denote average values and variances evaluated over the random unitaries.

Then, under reasonable and usual assumptions on parts of the parametrized quantum
circuit being 2-designs, it is possible to show that the diagonal elements of the Hessian
Hii = ∂2f (θ )/∂θ2

i satisfy [36] (see also Appendix B.2 for an explicit derivation)

EU [Hii] = 0, VarU [Hii] ∈O
(

1
2n

)
. (29)

That is, in addition to first order derivatives, also second order derivatives of random pa-
rameterized quantum circuits are found to be zero on average, and with a variance which
is exponentially vanishing.

Starting from the results above, one can calculate the statistics of the trace of the Hessian,
for which it holds

EU
[
Tr[H]

]
= 0, VarU

[
Tr[H]

]
� M2

2n . (30)

Furthermore, our numerical simulations suggest that the variance of the trace of the Hes-
sian is actually smaller, and is well captured by the following expression

VarU
[
Tr[H]

] ≈ M(M + 1)
4(2n + 1)

≈ 1
4

M2

2n , (31)

a fact which we justify and discuss in Appendix B.2.2.
In Fig. 6 we report simulation results of evaluating the trace of the Hessian matrix for

the circuit shown in Fig. 2(b). The histogram represents the frequency of obtaining a given
value of the trace of the Hessian Tr[H(θ )] upon random assignments of the parameters.
Indeed, there is a very good agreement between the variance obtained via numerical sim-
ulations (black solid line), and the one calculated with the approximation (31) (dashed red
line).
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Figure 6 Simulation results of evaluating the trace of the Hessian matrix for the circuit shown in Fig. 2(b) with
random assignments of the parameters and O = Z⊗4. The simulations are performed by sampling 2000
random parameter vectors {θm}2000m=1 with θi ∼ Unif[0, 2π [ and then evaluating the trace of the corresponding
Hessian matrix Tr[H(θm)]. These values are used to build the histogram showing the frequency distribution of
Tr[H]. The length of the arrows are, respectively: “Numerical 2σ ” (black solid line) twice the numerical standard
deviation, “Approximation” (dashed red) twice the square root of the approximation in Eq. (31), “Bound”
(dashed-dotted green) twice the square root of the upper bound in Eq. (30)

The circuit used has M = 92 parameters and n = 4 qubits, and plugging these values in
Equation (31) yields a standard deviation σU = StdU [Tr[H]] ≈ 11. Then, if the behaviour
of the PQCs in practical scenarios is well described by its random parameter regime, one
expects the trace of the Hessian to be on average zero and in general not much bigger (in
absolute value) than σU ≈ 11. With this order of magnitude for the trace, the first order
correction Equation (28) even with a Gaussian noise level of σ = 0.1 is very small, as it
amounts to

∣∣E
[
f (θ + δθ )

]
– f (θ )

∣∣ ≈ 1
2
σ 2∣∣Tr

[
H(θ )

]∣∣ ≈ 0.05.

Summing up, for those PQCs whose cost landscape is close to being flat, then Gaussian
perturbations on the variational parameters will have a limited impact on the output of
the quantum circuit.

5.3 Numerical results
5.3.1 CartPole
First, we evaluate the performance of policy gradient and Q-learning algorithms when
Gaussian perturbations are applied at each circuit evaluation during training. In Fig. 7
(a) and (b), we show the training and evaluation performance, respectively, of Q-learning
agents in the CartPole environment with perturbations in the range σ ∈ {0, 0.1, 0.15, 0.16,
0.17, 0.18, 0.19, 0.2}. Only the agent trained with noise level σ = 0.1 learns the environment
successfully and remains close to optimal performance. As suggested by our theoretical
analysis in Sect. 5.1, performance starts to degrade as we consider higher perturbations of
σ > 0.1, and none of those agents manage to achieve a better performance than a score of
125 on average. In Fig. 7 (b) we evaluate the performance of trained agents when they act
in an environment with different perturbation levels than those present when they were
trained. Even agents that do not perform well during training achieve close to optimal
performance when evaluated in the noise-free setting. This suggests that despite their bad
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Figure 7 Q-learning agents on the CartPole environment trained and evaluated at varying perturbations σ .
Panel (a) shows training performance, while panel (b) shows the performance of the same agents after
training and evaluated under different perturbation levels than those present during training. Each point is
computed as the average score of the 10 agents under the perturbation indicated on the x-axis

Figure 8 Policy gradient agents on the CartPole environment trained and evaluated at varying perturbations
σ . Panel (a) shows training performance, while panel (b) shows the performance of the same agents after
training and evaluated under different perturbation levels than those present during training. Each point is
computed as the average score of the 10 agents under the perturbation indicated on the x-axis

training performance due to the added perturbations, these agents still learn a good Q-
function. Notably, the agents trained without noise perform worst when they are evaluated
under various levels of perturbations.

Results for agents trained with the policy gradient method are shown in Fig. 8 (a). While
again only the agents trained with a perturbation of σ = 0.1 perform well and even reach
optimal performance, agents with higher perturbations also largely stay close to optimal
performance with a final score of 125 on average. Even the agent trained with a relatively
high σ = 0.2 is robust in this setting, even though it requires by far the most training
episodes to get to a good score. This positive trend is also visible in Fig. 8(b), where we
see that all agents achieve close to optimal performance when evaluated with perturba-
tion levels σ ≤ 0.1, which is again in line we our theoretical analysis in Sect. 5.1. The dif-
ference between agents trained with Gaussian perturbations and those trained without is
not as large as in the Q-learning setting, and at evaluation time both algorithms perform
similarly. Another observation about the policy gradient agents is that those trained with
σ = 0.2 achieve optimal or close to optimal performance in the environment under vari-
ous perturbation levels at evaluation time, and are the most robust out of all agents trained
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Figure 9 Comparison of average learned policies (PG) and Q-functions (QL) of agents from Fig. 7 and Fig. 8, in
the noise-free setting (blue) and with a perturbation level σ = 0.2 (yellow)

in this setting. Overall, the policy gradient method shows a larger resilience to Gaussian
noise in our experiments for the CartPole environment. It is an open question why this is
the case, however, we did not observe better performance of the policy gradient algorithm
under noise in general, as results in later sections will show.

In addition to studying the performance of Q-learning and policy gradient agents at
training and evaluation time, we visualize the learned policies and Q-functions of both in
the noisy and noise-free setting in Fig. 9. As learned policies and Q-functions can look
different even when training the same agent twice, we show averages of the ten agents
shown in Fig. 7 and Fig. 8 for both algorithms, and for perturbation levels of σ = 0 (blue)
and σ = 0.2 (yellow), respectively. The CartPole environment has four inputs: cart position
and velocity, and pole angle and velocity. To visualize the learned policies and Q-functions,
we show the probabilities and Q-values for taking the action “right” as a function of pairs
of state values. The state inputs that are not in the figure are set to zero, and for the sake
of clarity we do not apply perturbations to the parameters when visualizing the policy.
In Fig. 9 (a)-(c), we see results for policy gradient agents. Overall, it can be seen that the
agents trained without perturbations learn smoother policies, hence for most states there
is a clear decision on which action to take. Training with perturbations makes the policies
slightly more rippled, but they still mostly follow the contours of the policy learned under
ideal conditions.

The approximated Q-functions can be seen in Fig. 9(d)-(f ). One observation we make
here is that the range that Q-values take blows up considerably compared to the noise-
free setting. This is due to the trainable output weights that the expectation values are
multiplied with in the Q-learning setting (see Sect. 3) becoming considerably larger for
agents trained in the noisy setting. However, as we can see in the Appendix in Fig. 17, the
shapes of the learned Q-functions of the noise-free and noisy agents are still very similar,
which explains why even the agents trained with σ = 0.2 perform almost optimally when
evaluated without perturbations in Fig. 7 (b). We also note that the range of Q-values
of both the noisy and noise-free agents is much larger than the range of optimal Q-values
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given in [29]. This can be understood as the agent consistently overestimating the expected
return, a problem known to arise in classical Q-learning, and which is exacerbated by noise
[59]. However, the authors of [29] also point out that in the function approximation setting,
it is more important to learn the order of Q-values for each state (i.e., preserving that the
argmax Q-value corresponds to the optimal action) than learning a close representation
of the optimal Q-values.

5.3.2 TSP
In this section, we study the performance of Q-learning and policy gradient algorithms
with Gaussian coherent noise in the TSP environment. Panels (a) and (b) in Fig. 10 show
the training and evaluation performance of Q-learning agents in this environment un-
der perturbations in the range σ ∈ {0, 0.1, 0.15, 0.16, 0.17, 0.18, 0.19, 0.2}. We note that the
Q-learning agents trained without noise already converge after 600 episodes on average,
but to get an equal runtime in terms of episodes for all settings, we also let them run for
10,000 episodes. This unnecessarily long runtime causes the optimizer to leave the local
minimum again, which we ignore as an artifact here and consider the lowest average ap-
proximation ratio for the comparison with the other models.

For the TSP environment, we observe that with increasing levels of Gaussian perturba-
tions, convergence of agents is delayed and their final approximation ratio becomes worse
compared to the noise-free agents’ performance. Still, all agents seem to learn very simi-
lar policies despite being trained with different settings of σ , as we can see by their almost
identical performance at evaluation time shown in Fig. 10 (b). Despite a drop in perfor-
mance during training, the final performance of the models on a test set of previously
unseen TSP instances stays almost unaffected by the noise present during training. While
we see that agents trained with more noise seem to learn more noise-robust policies as in
the case of the CartPole environment, this effect is not as pronounced here. Additionally,
we again see that performance of trained models in Fig. 10 (b) starts to drop at σ > 0.1, as
indicated by our theoretical analysis in Sect. 5.1. While the policy gradient method shows
a certain robustness to noise during training in the CartPole environment, this is not the
case for the TSP environment, as we show in Fig. 11 (a). The only agent that gets close in
performance to the noise free agent is the one trained with σ = 0.1, while higher perturba-
tions yield agents that are relatively bad with an approximation ratio between 1.4 and 1.6

Figure 10 Training and evaluation of Q-learning agents in the TSP environment under various
perturbations σ . Panel (a) shows the effect of perturbations during training, panel (b) shows results for the
same agents evaluated on varying perturbation levels after training, different to those present at training time
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Figure 11 Training and evaluation of policy gradient agents in the TSP environment under various
perturbations σ . Panel (a) shows the effect of perturbations during training, panel (b) shows results for the
same agents evaluated on varying perturbation levels after training, different to those present at training time

on average. However, again, all agents seem to learn similar policies as indicated by their
test performance in Fig. 11 (b). Similar to CartPole, the agents’ performance on the test set
under varying perturbation levels closely matches that of the noise-free agents, and again
we see a large drop in performance for perturbations that are higher than σ = 0.1.

Overall, the Q-learning algorithm performs better in the TSP environment than the
policy gradient method. The optimal tour for each TSP instance is deterministic, so using
a stochastic policy as in the policy gradient approach introduces an additional source of
error, as there is always a non-zero probability to chose a non-optimal action. This leads
to an increased susceptibility to the Gaussian perturbations present during the evaluation
of the policy gradient algorithm. This is not the case for Q-learning, where choices are
made based on the argmax Q-value. Additionally, the ansatz that we use does not separate
between data encoding and trainable parameters as described in Sect. 3. As the optimal
tour of a TSP instance does not change upon small perturbations of the edge weights,
this leads to a relative robustness of this ansatz used in conjunction with Q-learning to
Gaussian coherent noise in this environment.

6 Incoherent noise
The Gaussian perturbation noise that we studied in Sect. 5 is well-suited to model coherent
errors due to imprecision in the control of the quantum device, but it does not reflect noise
that results from undesired interactions of the quantum system with its environment. To
study the effect of this type of incoherent noise we perform additional experiments in this
section.

We simulate this type of noise with TensorFlow Quantum (TFQ) [60], where they are
implemented through a Monte-Carlo trajectory sampling method [61, 62] that approx-
imates the effect of noise by averaging over state vectors generated from a probabilistic
application of the noise channel. This method of simulating noise essentially trades off
the overhead in memory needed to store the 2n × 2n sized density matrices necessary to
simulate incoherent noise, with a runtime overhead. The precision of this approximation
is determined by the number of repetitions, which specifies how many “noisy” state vec-
tors are used. This adds a stochastic element to the simulation of the noise channels, and
we get closer to simulating the exact noise model as the number of trajectories increases.
Depending on the environments, we choose the number of trajectories so that it is possible
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to perform simulations in a reasonable time frame, and specify this number individually
for each of the experiments below. We note that the runtime requirements for CartPole
when simulating this type of noise are especially high, as the number of time steps in each
episode, as well as the number of episodes itself depends strongly on the performance of
the agent. In particular, agents that perform neither very well nor very badly, which are
exactly the noise configurations we are interested in studying here, take especially long to
simulate, as they do not converge early by solving the environment, but still take on the
order of 100 time steps in each episode. Therefore we focus our attention mainly on the
TSP environment in this section.

6.1 Depolarizing noise
Depolarization noise affects a quantum state by either replacing it with the completely
mixed state with probability p, or leaving it untouched otherwise [63]. Let ρ be the density
matrix of a qubit, then depolarizing noise is defined by the map

Dp(ρ) = (1 – p)ρ + p
1
2

. (32)

We model depolarization noise with Cirq [61] and TFQ by appending a layer of local de-
polarizing channels to every qubit after each time step of the computation, where a time
step is defined as the largest set of gates that can be implemented simultaneously. This
implementation takes into account the possibility of cross-talk between qubits [64]. Also,
note that while the use of depolarizing channels alone may not be a good approximation
of real single qubits errors, it may become a good effective description of the overall noise
process for the case where many qubits and layers are used [65].

In our simulations, we assume that both single- and two-qubits gates are noisy, and con-
sist of a composition of the ideal gates followed by local depolarizing channels of equal
probability p, acting independently on each qubit. In particular, the application of a depo-
larizing noise channel is implemented by performing one out of four actions at each circuit
execution (trajectory): do nothing with probability 1 – p, or apply at random one of the
three Pauli operators with probability p, and then average over the results. We remark that
the average gate error of single-qubit gates in currently available superconducting quan-
tum computing hardware is of the order of r � 0.01, with gate fidelities exceeding > 99%.
Finally, we note that one can relate the depolarisation strength p to the average gate error
r over single qubit Cliffords, as measured by Randomized Benchmarking (RB) [64, 66, 67]
and commonly reported for quantum devices [68, 69], via r = p/2. However, our circuits
do not only use Cliffords, and moreover the RB’s estimates for the gate error depend on
the basis gates available on the device. Therefore, one should consider our simulations
with depolarizing noise of strength p as a proxy for a quantum device whose average error
rate r is of the same order of magnitude of p. While a single-qubit error noise model may
not be accurate enough to closely mimic the behaviour of a real quantum device, it gives
us the possibility to study the effect of single-qubit errors separately, before we go on to
study a noise model that also includes two-qubit gate errors in Sect. 6.2.

As mentioned above, simulating incoherent noise has high runtime requirements, so
in the following we limit our studies to: (i) Q-learning in the CartPole environment, and
(ii) the policy gradient method in the TSP environment. We pick these settings as they
were the ones that were more sensitive to Gaussian coherent noise in our studies in Sect. 5,
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Figure 12 Q-learning agents trained with varying probabilities p of depolarization errors, and five layers of
the circuit depicted in Fig. 2 a). Noise is simulated with 100 Monte Carlo trajectories. The noisy curves are
averaged over 5 agents, the exact one is averaged over 10 agents as in previous figures

and in that sense represent the worst case instances from the previous section. To simulate
the noisy quantum circuits, we use the Monte Carlo sampling as described above, where
the number of trajectories used depends on the environment. As the CartPole environ-
ment requires a very high number of environment interactions (the better the agent, the
more circuit evaluations are required per episode), we use 100 trajectories in this setting.
In the TSP environment, the number of steps in each episode is constant and therefore
we can use a higher number of 1000 trajectories and still perform simulations in a timely
manner.

Figure 12 shows results of Q-learning agents trained in the CartPole environment with
various error probabilities p. Agents with a realistic error probability of up to p = 0.01
still solve the environment in less than 2000 episodes on average. Agents trained with
error probability p = 0.005 reach higher scores almost as quickly as agents trained in the
noise-free setting, but stay somewhat unstable until they solve the environment after 3500
episodes on average. When the noise probability is increased to p = 0.1, we see that agents
fail to make any learning progress at all.

Figure 13 shows the performance of the policy gradient method under one-qubit depo-
larization errors in the TSP environment. In this setting, agents trained with error prob-
ability p = 0.01, as is a realistic assumption on current devices, perform noticeably worse
than agents in the noise-free setting with a drop in approximation ration of around 0.2 on
average. Only when we consider an error probability of p = 0.001 do we get performance
that is almost exactly the same as that in the noise-free case. Similar to the results of the
Q-learning agent in the CartPole environment, agents trained with an error probability of
p = 0.1 show no meaningful learning progress.

6.2 Noise model based on current hardware
After studying the effect of single-qubit depolarization errors in Sect. 6.1, we now study
the performance of the Q-learning algorithm in the TSP environment in the presence of
a more realistic noise model that captures the behaviour of a near-term superconductive
quantum device. The error sources we incorporate into this noise model are the following:
single-qubit and two-qubit depolarization errors, single qubit amplitude damping error,
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Figure 13 Policy gradient agents trained in the TSP environment with varying probabilities p of
depolarization error, with one layer of the circuit depicted in Fig. 2 c). Noise is simulated with 1000 Monte
Carlo trajectories. All curves are averaged over 10 agents

and measurement noise. While hardware providers like IBM and Google offer the possibil-
ity of simulating noise models of specific devices, we do not want to take device-specific
factors like qubit topology and native gate sets into account in this work, as the perfor-
mance in these settings also depends strongly on the quality of the circuit compiled to the
native gate set and qubit connectivity [70]. Instead, we define a custom noise model based
on gate fidelities published by hardware vendors, but do not take the above details into
account. To determine realistic settings for the error probability of each noise source, we
use calibration data published by IBM [71] at the time of writing. The noise model used
in our simulation is specified as follows:

• Depolarization error: Single qubit depolarization channels with p = 0.001 are applied
after every single qubit gate. Two-qubit depolarization errors, defined by properly
adjusting the definition in Equation (32), with p2 = 0.01 are applied after every
two-qubit gate on the corresponding pair of qubits.

• Amplitude damping error: Amplitude damping channels with decay parameter
γ = 0.003 are applied after each single- and two-qubit gate on the corresponding
qubits. Such a decay rate is valid for real devices having single qubit gate durations of
t = 35 ns, and average qubit decay times T1 ≈ 100 μs, which correspond to a decay
parameter of γ = 1 – exp(–t/T1) ≈ 0.0003.

• Measurement noise Measurement errors are modeled by appending a bit-flip channel
with probability p = 0.01 to every qubit right before the measurement process.

We recall that the circuit ansatz for the TSP environment is the one depicted in Fig. 2(c),
where input information about the edge weights of the TSP instance is encoded by means
of two-qubit gates. We therefore chose to study this ansatz in the context of a noise model
that incorporates two-qubit errors, as we expect that these types of errors will affect per-
formance of an ansatz that encodes crucial information in two-qubit gates more severely.
Additionally, it is hard to perform simulations in this setting for the CartPole environ-
ment in a reasonable amount of time, as discussed above. For these reasons, we restrict
our attention to the TSP environment in this section.

Figure 14 shows results averaged over five Q-learning agents in the TSP environment for
each of the error probability configurations of the custom noise model described above.
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Figure 14 Q-learning agents trained in the TSP environment with one layer of the circuit depicted in Fig. 2 c)
and custom noise model, using 1000 Monte Carlo trajectories. The labels indicate the custom noise
configurations defined in Table 1, results are averaged over five agents in each curve, except for the exact
curve which is averaged over ten agents as done in previous figures

Table 1 Error strengths for the configurations of the custom noise model used in Fig. 14.
Depolarization (1Q) indicates the single qubit depolarising channel applied after each single-qubit
gate, and similarly for 2Q for two-qubit gates. Configuration a) in bold is based on error rates
published by IBM at the time of writing, as described in the main text

Error source a) b) c) d)

Depolarization (1Q) 0.001 0.001 0.01 0.1
Depolarization (2Q) 0.01 0.01 0.1 0.2
Amplitude damping 0.0003 0.03 0.03 0.1
Bitflip (measurement) 0.01 0.01 0.1 0.1

We show the specific error probabilities used for the simulations in Table 1. Configura-
tion a) corresponds to error probabilities that are consistent with those present on current
quantum hardware as described above. Based on this, we specify three other error proba-
bilities b) - d) by increasing the error on varying error sources. We note that while the error
probabilities themselves in configuration a) are consistent with those on current hardware,
our simulation is only an approximation of this error due to the Monte Carlo trajectory
sampling method described in Sect. 6. To perform simulations in a reasonable time frame,
we use 1000 trajectories for each circuit evaluation. The circuit that we simulate has 145
gates (counting a ZZ-gate as two CNOTs and one Z gate), and for small error probabilities
the chance of applying each of the noise channels is relatively small. This means that in
each trajectory, a relatively small number of noise channels is applied. Hence we expect
that the results in Fig. 14 are slightly better than what we would get if the exact noise model
was simulated (i.e., in the limit of a large number of trajectories, or by considering the full
density matrix).

Looking at the results in Fig. 14, we see that for configuration a) (blue), the performance
of the agents matches those of the noise-free ones (dotted black) almost exactly, and the
noise model based on realistic error strengths of current devices does not affect training.
We see a slight drop in performance when we increase the error probability of the am-
plitude damping channels from 0.0003 to 0.03 (orange), as described in Table 1, column
b). For configuration c), we also increase the other remaining error sources’ probabilities,
which leads to a considerable drop in performance. In configuration d), we assume ex-
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tremely high error probabilities for each of the noise channels, which leads to a complete
failure of the agents to make any meaningful learning progress in this environment.

7 Conclusions
Our goal in this work was to evaluate the resilience of variational RL algorithms to various
types of noise that are present on real quantum hardware. First, we investigated shot noise,
which results from the probabilistic nature of quantum measurements. We introduced
a method to reduce the number of shots to train a Q-learning agent, motivated by the
specific structure of the underlying RL algorithm. Our shot allocation technique enables
a more shot-frugal training of variational Q-learning models with little or no effect on the
final performance of the agents.

After considering shot noise, we moved on to study the effect of Gaussian coherent er-
rors that can arise on real hardware due to miscalibration of the device, or imprecise pulse
sequences that implement the parameterised gates in the quantum circuit. We gave an an-
alytic expression for how this type of noise affects the output of a quantum RL agent, and
provided a bound on the standard deviation of the Gaussian error that elucidates the tol-
erable magnitude of the error on the output of a quantum model. We confirm this bound
in our simulations, where we study the effect of various levels of Gaussian perturbations
on the performance of training policy gradient and Q-learning agents in two different en-
vironments. For one of these environments, we find that agents trained with higher noise
probabilities also learn more robust policies and Q-functions, in the sense that under eval-
uation of different perturbation levels, these agents achieve optimal or close to optimal
performance more often.

Finally, we studied incoherent noise that emerges in real hardware due to undesired in-
teractions of the qubits with the surrounding environment, as the device is not completely
shielded from external effects. To this end, we consider single-qubit depolarization errors,
as well as a custom noise model that combines single- and two qubit depolarization errors,
amplitude damping errors, and bitflip (measurement) errors. For the latter, we perform
simulations with realistic error probabilities for each of the noise channels, in line with
data published for IBM devices at the time of writing.

Overall, we find that the effect of noise on training variational RL algorithms for Q-
learning and the policy gradient method depends strongly on the strength of the noise, as
well as the type of noise itself. For some cases, like decoherence errors with realistic error
probabilities of current devices, the drop in performance is relatively small. On the other
hand, we find that large Gaussian perturbations as well as errors induced by the proba-
bilistic nature of quantum measurements can affect performance in highly detrimental
ways. Additionally, we find that for Gaussian coherent noise agents that are trained with
higher perturbations learn more noise-robust policies in some cases, similar to results in
classical literature, where noise is used as a regularization technique.

While our results were performed in a regime that is still efficiently simulable on classical
computers, it is an interesting question for future work to consider the implications of
noise-robustness of large-scale quantum models in light of recent results which show that
in certain settings, the outputs of noisy quantum circuits can be efficiently approximated
classically [72, 73]. This raises the question to what extent an inherent noise-robustness of
hybrid variational quantum machine learning affects the possibility to achieve a quantum
advantage with these types of models.
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On the practical side, the optimization procedures that we used in this work were the
same as those commonly used to train models in noise-free simulations and are not tai-
lored to account for quantum hardware specific noise. This raises the question on how
optimization methods that are tailored for the special characteristics of variational quan-
tum models could further improve the performance of these types of models in a noisy
setting. For the optimization of PQC parameters in the combinatorial optimization or
quantum chemistry setting, it is known that some optimization methods, like simultane-
ous perturbation stochastic approximation (SPSA), actually become better with noise. It is
an interesting area of future research to design quantum-specific optimization routines for
machine learning that address or even combat specific types of noise, for example leverag-
ing effective quantum error mitigation techniques [74–76]. Our work motivates the study
of these types of optimization methods, as well as continued efforts to find learning tasks
where variational RL algorithms can potentially provide an advantage.

Appendix A: Additional results for flexible vs. fixed number of shots in
Q-learning

Figure 15 Performance of agents trained with a fixed number of 100 shots (blue) andmmax = 100 with
flexible shot allocation (purple), compared to model trained without shot noise (black dotted curve)

Appendix B: Gaussian noise analysis
In this Appendix we perform the noise analysis of a scalar function whose parameters are
corrupted by independently distributed Gaussian perturbations. Let f : RM → R be the
function under investigation, whose parameters θ = (θ1, . . . , θM) ∈ R

M are corrupted by a
Gaussian noise θi → θi + δθi with zero mean and variance σ 2, i.e.

δθi ∼N
(
0,σ 2) ∀i = 1, . . . , M,

E[δθi] = 0,

E[δθiδθj] = σ 2δij.

(B.1)

Since the perturbations are independently distributed and Gaussian, all higher order
moments can be evaluated starting from two points correlators of the form E[δθiδθj], as
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dictated by Wick’s formulas for multivariate normal distributions

E[δθi1 · · · δθi2n+1 ] = 0,

E[δθi1 · · · δθi2n ] =
∑

P
E[δθk1δθk2 ] · · ·E[δθk2n–1δθk2n ],

(B.2)

where with P we denote all the possible distinct (2n – 1)!! pairings of the n variables, as
these can be used to express all higher order even moments in terms of products of second
moments. Note that all the terms involving an odd number of perturbations δθi vanish, and
only even moments of remain. For example, expression (B.2) for the fourth-order moment
(n = 4) amounts to

E[δθiδθjδθkδθm]

= E[δθiδθj]E[δθkδθm] + E[δθiδθk]E[δθjδθm] + E[δθiδθm]E[δθjδθk]

= σ 4(δijδkm + δikδjm + δimδjk).

(B.3)

We now proceed considering the multi dimensional Taylor expansion of the function
f (θ + δθ ) around the noise-free point. Up to arbitrary order, this reads

f (θ + δθ ) = f (θ ) +
M∑

i=1

∂f (θ )
∂θi

δθi +
1
2!

M∑

i,j=1

∂2f (θ )
∂θi∂θj

δθiδθj

+
1
3!

M∑

i,j,k=1

∂3f (θ )
∂θi∂θj∂θk

δθiδθjδθk + · · · ,

(B.4)

where we used the equal sign because we are considering the full Taylor series, and we
assume that this converges to the true function (this statement can be made precise by
showing that the reminder term of the expansion goes to zero as the order of expansion
goes to infinity).

Before proceeding, we simplify the notation to make the calculation of the Taylor expan-
sion easier to follow. First, we denote the partial derivatives with respect to parameter θi as
∂i := ∂/∂θi, and similarly for higher order derivatives, for example ∂ij = ∂2/∂θi∂θj. Also, we
suppress the explicit dependence of the function on θ , using the short-hand f instead of
f (θ ). At last, we make use of Einstein’ summation notation where repeated indexes imply
summation.

With this setup, using Eqs. (B.1), (B.2) and (B.3) in (B.4), one can evaluate the expectation
value of the function over the perturbations’ distributions as

E
[
f (θ + δθ )

]
= f (θ ) + ∂if E[δθi] +

1
2
∂ijf E[δθiδθj] +

1
3!

∂ijk f E[δθiδθjδθk]

+
1
4!

∂ijkmf E[δθiδθjδθkδθm] + · · ·

= f (θ ) +
σ 2

2
∂ijf δij +

σ 4

4!
∂ijkmf (δijδkm + δikδjm + δimδjk) + · · ·

= f (θ ) +
σ 2

2
∑

i

∂2f
∂θ2

i
+

σ 4

4!
3
∑

ij

∂4f
∂θ2

i ∂θ2
j

+ · · · ,

(B.5)
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where in the last line we simplified the fourth order term as

E
[
f (4)] =

σ 4

4!
∂ijkmf (δijδkm + δikδjm + δimδjk)

=
σ 4

4!

(∑

ik

∂4f
∂θ2

i ∂θ2
k

+
∑

ij

∂4f
∂θ2

i ∂θ2
j

+
∑

im

∂4f
∂θ2

i ∂θ2
m

)

=
σ 4

4!
3
∑

ij

∂4f
∂θ2

i ∂θ2
j

.

Since the expectation values involving an odd number of perturbations vanish, only the
even order terms survive, and these can be expressed as

E
[
f (2n)] =

σ 2n

(2n)!
(2n – 1)!!

∑

i1,...,in

∂2nf (θ )
∂θ2

i1 · · · ∂θ2
in

, (B.6)

where the coefficient (2n–1)!! is the number of distinct pairings of 2n objects, which comes
from Eq. (B.1).

Thus, the full Taylor series can be formally written as

E
[
f (θ + δθ )

]
= f (θ ) +

∞∑

n=1

σ 2n

(2n)!
(2n – 1)!!

M∑

i1,...,in=1

∂2nf (θ )
∂θ2

i1 · · · ∂θ2
in

(B.7)

= f (θ ) +
σ 2

2
Tr

[
H(θ )

]
+

∞∑

n=2

σ 2n

(2n)!
(2n – 1)!!

M∑

i1,...,in=1

∂2nf (θ )
∂θ2

i1 · · · ∂θ2
in

, (B.8)

where we introduced the Hessian matrix H(θ ), whose elements are given by [H(θ )]ij =
∂ijf (θ ), and we see that this term represent the first non-vanishing correction to the func-
tion caused by the perturbation.

Our goal is to bound the absolute error

εθ :=
∣∣E

[
f (θ + δθ )

]
– f (θ )

∣∣ =

∣∣∣∣∣

∞∑

n=1

σ 2n

(2n)!
(2n – 1)!!

M∑

i1,...,in=1

∂2nf (θ )
∂θ2

i1 · · · ∂θ2
in

∣∣∣∣∣ (B.9)

caused by the Gaussian noise, and we can do that by using the property that all the deriva-
tives of most PQC (Parametrized Quantum Circuit) are bounded. In fact, for those cir-
cuits for which a parameter-shift rule holds [52, 53], one can show that any derivative of
the function f (θ ) = 〈O〉 = Tr[OU(θ)|0〉〈0|U†(θ )] obeys

∣∣∣∣
∂α1+···αM f (θ )
∂θ

α1
1 · · · ∂θ

αM
M

∣∣∣∣ ≤ ‖O‖∞, (B.10)

where ‖O‖∞ is the infinity norm of the observable, namely its largest absolute eigenvalue.
We give a proof of this below in Sect. B.1.

Plugging this in Eq. (B.9), we can obtain an upper bound to the error εθ as desired.
Indeed, remembering that for even numbers the double factorial can be expressed as
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(2n – 1)!! = (2n)!/(2nn!), it holds

εθ =

∣∣∣∣∣

∞∑

n=1

σ 2n

(2n)!
(2n – 1)!!

M∑

i1,...,in=1

∂2nf (θ )
∂θ2

i1 · · · ∂θ2
in

∣∣∣∣∣

≤
∞∑

n=1

σ 2n

(2n)!
(2n – 1)!!

M∑

i1,...,in=1

∣∣∣∣
∂2nf (θ )

∂θ2
i1 · · · ∂θ2

in

∣∣∣∣
︸ ︷︷ ︸

≤‖O‖∞

≤
∞∑

n=1

σ 2n

(2n)!
(2n – 1)!!‖O‖∞Mn = ‖O‖∞

∞∑

n=1

1
(2n)!

(2n)!
2nn!

(
σ 2M

)n

= ‖O‖∞
∞∑

n=1

(Mσ 2/2)n

n!
= ‖O‖∞

(
eσ 2M/2 – 1

)

�⇒ εθ =
∣∣E

[
f (θ + δθ )

]
– f (θ )

∣∣ ≤ ‖O‖∞
(
eMσ 2/2 – 1

)
, (B.11)

where in the last line we used the definition of the exponential function ex =
∑∞

n=0
xn

n! .
One can see that the noise variance σ 2 must scale as the inverse of the number of

parameters σ 2 ∈ O(M–1) in order to have small deviations induced by the noise. Also,
note that since the difference between the noise-free function f (θ ) and its perturbed ver-
sion f (θ + δθ ) cannot be larger than twice the maximum eigenvalue of O, |f (θ + δθ ) –
f (θ )| ≤ |f (θ + δθ )| + |f (θ )| = 2‖O‖∞, the bound (B.11) is informative only as long as
exp[Mσ 2/2] – 1 < 2.

It is worth noticing that an identical procedure can be used to bound the average error
obtained by approximating the perturbed function with its first non-vanishing correction
given by the Hessian. Indeed, starting from Eq. (B.8) are repeating the same calculation
from above, one obtains

∣∣∣∣E
[
f (θ + δθ )

]
– f (θ ) –

σ 2

2
Tr

[
H(θ )

]∣∣∣∣ ≤ ‖O‖∞
(

eMσ 2/2 – 1 –
Mσ 2

2

)
. (B.12)

B.1 Parameter-shift rule and bounds to the derivatives
Let f (θ ) = Tr[OU(θ)|0〉〈0|U†(θ )] be the expectation value of an observable O on the
parametrized state |ψ(θ )〉 = U(θ )|0〉 obtained with a parametrized quantum circuit U(θ ).
When the variational parameters θ ∈R

M enter in the quantum circuit via rotation gates of
the form V (θi) = exp[–iθiP/2] with P2 = 1 being Pauli operators, then the parameter-shift
rule can be used to evaluate gradients of the expectation value as [52, 53]

∂f (θ )
∂θi

=
1
2

(
f
(

θ +
π

2
ei

)
– f

(
θ –

π

2
ei

))
, (B.13)

where ei is the unit vector with zero entries and a one in the i-th position corresponding
to angle θi. Similarly, by applying the parameter-shift rule twice one can express second
order derivatives as follows using four evaluations of the circuit [35, 77]

∂2f (θ )
∂θi∂θj

=
1
2

[
∂

∂θi
f
(

θ +
π

2
ej

)
–

∂

∂θi
f
(

θ –
π

2
ej

)]
(B.14)
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=
1
4

[
f
(

θ +
π

2
ej +

π

2
ei

)
– f

(
θ +

π

2
ej –

π

2
ei

)

– f
(

θ –
π

2
ej +

π

2
ei

)
+ f

(
θ –

π

2
ej –

π

2
ei

)]
. (B.15)

In particular, for the diagonal elements i = j, one has

∂2f (θ )
∂θ2

i
=

1
4
[
f (θ + πei) – 2f (θ ) + f (θ – πei)

]

=
1
2
[
f (θ + πei) – f (θ )

]
, (B.16)

where we used the fact that f (θ + πei) = f (θ – πei). This last equality can be seen in-
tuitively from the 2π periodicity of the rotation gates or by direct evaluation. In fact,
let U(θ ) = U2 exp[–iθiPi/2]U1 be a factorization of the parametrized unitary where we
isolated the dependence on the parameter θi to be shifted. Then, since exp[–i2πP/2] =
cosπI – i sinπP = –I, one has

∣∣ψ(θ – πei)
〉

= U2 exp
[
–i(θi – π )Pi/2

]
U1|0〉

= U2 exp
[
–i(θi – π )Pi/2

]
– exp[–i2πPi/2]︸ ︷︷ ︸

I

U1|0〉

= –U2 exp
[
–i(θi – π + 2π )Pi/2

]
U1|0〉

= –
∣∣ψ(θ + πei)

〉
,

(B.17)

and thus 〈ψ(θ – πei)|O|ψ(θ – πei)〉 = 〈ψ(θ + πei)|O|ψ(θ + πei)〉.
Hence, using Eq. (B.16) it is possible to estimate the diagonal elements of the Hessian

matrix with just two different evaluations of the quantum circuit.
By repeated application of the parameter-shift rule one can also evaluate arbitrary

higher-order derivatives as linear combination of circuit evaluations [35, 36]. Let α =
(α1, . . . ,αM) ∈ N

M be a multi-index keeping track of the orders of derivatives, and let
|α| =

∑M
i=1 αi. Then

∂α f (θ ) :=
∂ |α|f (θ )

∂θ
α1
1 · · · ∂θ

αM
M

=
1

2|α|

2|α|∑

m=1

smf (θ̃m), (B.18)

where sm ∈ {±1} are signs, and θ̃m are angles obtained by accumulation of shifts along
multiple directions.

Since the output of any circuit evaluation is bounded by the infinity norm (i.e the largest
absolute eigenvalue) of the observable ‖O‖∞ = max{|oi|, O =

∑
i oi|oi〉〈oi|}

∣∣f (θ )
∣∣ =

∣∣Tr
[
Oρ(θ )

]∣∣ ≤ ‖O‖∞
∥∥ρ(θ )

∥∥
1 = ‖O‖∞ ∀θ ∈ R

M, (B.19)

then one can bound the sum in Eq. (B.18) simply as

∣∣∂α f (θ )
∣∣ ≤ 1

2|α|

2|α|∑

m=1

∣∣f (θ̃m)
∣∣ ≤ ‖O‖∞. (B.20)
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B.2 Average value of the Hessian of random PQCs
In this section we derive the formulas (29) and (30) for the expected value of the Hessian as
shown in the main text. Consider a system of n qubits and a parametrized quantum circuit
with unitary U(θ ) ∈ U (2n), where U (2n) is the group of unitary matrices of dimension 2n.
Given a set of parameter vectors {θ1, θ2, . . . , θK }, one can construct the corresponding set
of unitaries U = {U1, U2, . . . , UK }, with Ui = U(θ i) and clearly U ∈ U (2n).

It is now well known that sampling a parametrized quantum circuit from a random as-
signment of the parameters is approximately equal to drawing a random unitary from the
Haar distribution, a phenomenon which is at the root of the insurgence of Barren Plateaus
(BPs) [54–56]. Specifically, it is numerically observed that parametrized quantum circuits
behave like unitary 2-designs, that is averaging over unitaries Ui sampled from U yields
the same result of averaging over Haar-random unitaries, up until second order moments.

As standard in the literature regarding BPs, in the following we assume that the consid-
ered parametrized unitaries (and parts of them) are indeed 2-designs, and so we make use
of the following relations for integration over random unitaries [55–58, 78]

EU
[
UAU†

]
=

∫
dμ(U)UAU† =

1Tr[A]
2n , (B.21)

EU
[
AUBU†CUDU†

]

=
Tr[BD] Tr[C]A + Tr[B] Tr[D]AC

22n – 1
–

Tr[BD]AC + Tr[B] Tr[C] Tr[D]A
2n(22n – 1)

. (B.22)

B.2.1 Statistics of the Hessian
Let f (θ ) = Tr[OU(θ)|0〉〈0|U(θ )†] and assume that the observable O is such that Tr[O] = 0
and Tr[O2] = 2n, as is the case of measuring a Pauli string. As shown in Eq. (B.16), diagonal
elements of the Hessian matrix H can be calculated as

Hii =
∂2f (θ )
∂θ2

i
=

1
2
[
f (θ + πei) – f (θ )

]
. (B.23)

For simplicity, from now on drop the explicit dependence on the parameter vector θ

when not explicitly needed. The variational parameters enter the quantum circuit via Pauli
rotations e–iθiPi/2 with Pi = P†

i and P2
i = 1, and so the shifted unitary U(θ + πei) can be

rewritten as

U(θ + πei) = ULe–iπPi/2UR = –iULPiUR, (B.24)

where UL and UR form a bipartition of the circuit at the position of the shifted angle, so
that U(θ ) = ULUR.

Assuming that the set of unitaries UL generated by UL is at least a 1-design, one has that

EUL

[
f (θ + πei)

]
= EUL

[
Tr

[
OULPiUR|0〉〈0|U†

RPiU†
L
]]

(B.25)

= Tr
[
OEUL

[
ULPiUR|0〉〈0|U†

RPiU†
L
]]

(B.26)

= Tr

[
O

Tr[PiUR|0〉〈0|U†
RPi]1

2n

]
=

Tr[O]
2n = 0, (B.27)
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where in the first line we exchanged the trace and the expectation value since both are
linear operations, and in the second line we made use of Eq. (B.21) for the first moment of
the Haar distribution. Similarly, one can show that if UR forms a 1-design, then averaging
over it yields the same result, namely EUR [f (θ + πei)] = 0. The same calculation for f (θ )
shows that EUR [f (θ )] = EUL [f (θ )] = 0.

Thus, for every diagonal element of the Hessian, if either UL or UR is a 1-design (that is
Eq. (B.21) hold), then its expectation value vanishes

EUR ,UL [Hii] = 0 ∀i if either UL or UR is a 1-design. (B.28)

The variance of the diagonal elements can be calculated in a similar manner, even though
the calculation is more involved. Substituting Eq. (B.23) in the definition of the variance,
one obtains

Var[Hii] := E
[
H2

ii
]

– E[Hii]2 = E
[
H2

ii
]

=
1
4
[
E

[
f (θ + πei)2] + E

[
f (θ )2] – 2E

[
f (θ + πei)f (θ )

]]
. (B.29)

In order to use Eq. (B.22) for second moment integrals, we can rewrite these expectation
values as follow

E
[
f (θ + πei)2] = E

[
Tr

[
OULPiUR|0〉〈0|U†

RPiU†
L
]2]

= E
[
Tr

[
OULPiUR|0〉〈0|U†

RPiU†
L
]〈0|U†

RPiU†
LOULPiUR|0〉]

= E
[
Tr

[
OULPiUR|0〉〈0|U†

RPiU†
LOULPiUR|0〉〈0|U†

RPiU†
L
]]

= Tr
[
E

[
OULPiUR|0〉〈0|U†

RPiU†
LOULPiUR|0〉〈0|U†

RPiU†
L
]]

, (B.30)

and similarly for the remaining two terms. Assuming that the set of unitaries UL generated
by UL is a 2-design, then

EUL

[
f (θ + πei)2]

= Tr
[
EUL

[
OUL PiUR|0〉〈0|U†

RPi︸ ︷︷ ︸
B

U†
LOUL PiUR|0〉〈0|U†

RPi︸ ︷︷ ︸
B

U†
L
]]

(B.31)

= Tr

[
Tr[B2] Tr[O]O + Tr[B]2O2

22n – 1
–

Tr[B2]O2 + Tr[B]2 Tr[O]O
2n(22n – 1)

]
(B.32)

=
Tr[O]2 + Tr[O2]

22n – 1
–

Tr[O2] + Tr[O]2

2n(22n – 1)
=

1
2n + 1

, (B.33)

where in the second line we made use of Eq. (B.22), and the third line the used that Tr[B] =
Tr[B2] = 1 since B = PiUR|0〉〈0|U†

RPi is a projector, and that Tr[O] = 0 and Tr[O2] = 2n.
Similarly, one can show that integration over UR yields the same result. Also, the same
calculation leads to EUL [f (θ )2] = EUR [f (θ )2] = 1/(2n + 1). Thus, if either UL or UR is a 2-
design then

EUR ,UL

[
f (θ )2] = EUR ,UL

[
f (θ + πei)2]

=
1

2n + 1
∀i if either UL or UR is a 2-design. (B.34)
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Now we evaluate the correlation term E[f (θ + πei)f (θ )]. If UL is a 2-design, then

EUL

[
f (θ + πei)f (θ )

]
= Tr

[
EUL

[
OULPiUR|0〉〈0|U†

RU†
LOULUR|0〉〈0|U†

RPiU†
L
]]

= Tr

[
Tr[PiUR|0〉〈0|U†

R]2O2

22n – 1
–

O2

2n(22n – 1)

]

=
1

22n – 1
[
2n Tr

[
PiUR|0〉〈0|U†

R
]2 – 1

]
. (B.35)

While if UR is a 2-design instead it holds

EUR

[
f (θ + πei)f (θ )

]
= Tr

[
OULPiEUR

[
UR|0〉〈0|U†

RU†
LOULUR|0〉〈0|U†

R
]
PiU†

L
]

= Tr

[
OULPi

(2n – 1)U†
LOUL

2n(22n – 1)
PiU†

L

]

=
1

2n(2n + 1)
Tr

[
OULPiU†

LOULPiU†
L
]
. (B.36)

If both of them are 2-designs, then continuing from Eq. (B.36), one obtains

EUL ,UR

[
f (θ + πei)f (θ )

]

=
1

2n(2n + 1)
Tr

[
EUL

[
OULPiU†

LOULPiU†
L
]]

=
1

2n(2n + 1)
Tr

[
Tr[Pi]2O2 + Tr[P2

i ] Tr[O]O
22n – 1

–
Tr[P2

i ]O2 + Tr[Pi]2 Tr[O]O
2n(22n – 1)

]

= –
1

2n(2n + 1)
Tr[P2

i ] Tr[O2]
2n(22n – 1)

= –
1

(2n + 1)(22n – 1)
∈O

(
2–3n). (B.37)

Finally, plugging Eqs. (B.35), (B.36) and (B.37) in Eq. (B.29), one has ∀i = 1, . . . , M

VarUL ,UR [Hii]

=
1
2
E

[
f (θ )2] –

1
2
E

[
f (θ + πei)f (θ )

]

=
1

2(2n + 1)
–

1
2

⎧
⎪⎪⎨

⎪⎪⎩

1
22n–1 [2n Tr[PiUR|0〉〈0|U†

R]2 – 1] ∀i, if UL 2-design,
1

2n(2n+1) Tr[OULPiU†
LOULPiU†

L] ∀i, if UR 2-design,

– 1
(2n+1)(22n–1) ∀i, if UL, UR 2-designs,

(B.38)

where UR = U
(i)
R and UL = U

(i)
L are defined as in Eq. (B.24) and actually depend on the index

i of the parameter.
Not surprisingly, as it happens for first order derivatives, also second order derivatives

of PQCs are found to be exponentially vanishing [36, 56], as from Eq. (B.38) one can check
that Var[Hii] ∈O(2–n).
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B.2.2 Statistics of the trace of the Hessian
The average value of the trace of the Hessian is easily found to be zero using Eq. (B.28), in
fact

EUR ,UL

[
Tr[H]

]
=

M∑

i=1

EU(i)
R ,U(i)

L
[Hii] = 0, (B.39)

where we assume that for every parameter i either U(i)
R or U(i)

L is a 1-design. The variance
of the trace is instead

VarUR ,UL

[
Tr[H]

]
= Var

[ M∑

i=1

Hii

]
=

M∑

i=1

Var[Hii] + 2
M∑

i<j

Cov[HiiHjj]. (B.40)

We can upper bound this quantity using the covariance inequality [79]

∣∣Cov[Hii, Hjj]
∣∣ ≤

√
Var[Hii] Var[Hjj] ≈ Var[Hii],

were we assumed that Var[Hii] ≈ Var[Hjj] ∀i, j. Using that Var[Hii] ∈O(2–n) one finally has

VarUR ,UL

[
Tr[H]

] ≤
M∑

i=1

Var[Hii] + 2
M∑

i<j

Var[Hii] ∈O
(

M2

2n

)
. (B.41)

Alternatively, one can obtain a tighter yet qualitative approximation by explicitly con-
sidering the nature of the sums in Eq. (B.40). First, by using Eq. (B.23), the covariance term
is explicitly

Cov[Hii, Hjj] = E[HiiHjj] =
1
4
E

[
(fi – f )(fj – f )

]

=
1
4
E

[
f 2] +

1
4
E[fifj] –

1
4
E[fif ] –

1
4
E[fjf ], (B.42)

where for ease of notation we defined fi,j = f (θ +πei,j) and f = f (θ ). Note that except for the
first term which is always positive, all remaining correlations terms can be both positive
and negative. Also, all of these terms are bounded from above by the same quantity, as via
Cauchy-Schwarz it follows

∣∣E[fifj]
∣∣ ≤

√
E

[
f 2
i
]
E

[
f 2
j
]

=
1

2n + 1
and

∣∣E[fif ]
∣∣ ≤

√
E

[
f 2
i
]
E

[
f 2

]
=

1
2n + 1

, (B.43)

where we have used E[f 2] = E[f 2
i ] = 1/(2n + 1) from Eq. (B.34). Then, the variance can be

written as

VarUR ,UL

[
Tr[H]

]

=
M∑

i=1

Var[Hii] + 2
M∑

i<j

E[HiiHjj]

=
M∑

i=1

E[f 2] – E[fif ]
2

+ 2
M∑

i<j

E[f 2] + E[fifj] – E[fif ] – E[fjf ]
4
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=
1
2

( M∑

i=1

+
M∑

i<j

)
E

[
f 2] –

1
2

( M∑

i=1

E[fif ] +
M∑

i<j

E[fif ] +
M∑

i<j

E[fjf ]

)
+

1
2

M∑

i<j

E[fifj]

=
M(M + 1)

4
E

[
f 2] –

M
2

M∑

i=1

E[fif ] +
1
2

M∑

i<j

E[fifj]

︸ ︷︷ ︸
	

. (B.44)

Numerical simulations In addition to Fig. 6 in the main text, in Fig. 16 we report numeri-
cal evidence for the trace of the Hessian for two common hardware-efficient parametrized
quantum circuit ansatzes. The histograms represent the frequency of obtaining a given
value of the trace of the Hessian Tr[H(θ )] upon random assignments of the parameters.
The length of the arrows are, respectively: “Numerical 2σ ” (black solid line) twice the sta-
tistical standard deviation computed from the numerical results, “Approximation” (dashed
red) twice the square root of the Eq. (B.44) with 	 = 0, “Bound” (dashed-dotted green)
twice the square root of the upper Bound in Eq. (B.41).

All simulations confirm the bound (B.41), and, more interestingly, both the circuit on
the left of Fig. 16 and the one in Fig. 6 in the main text, have a numerical variance which
is very well approximated by Eq. (B.44) with 	 = 0. We conjecture this is due to the fact
that all correlation terms in Eq. (B.44) are roughly of the same order of magnitude (see
Eq. (B.43)), and can be either positive and negative, depending on the parameter and the
specifics of the ansatz. Thus, one can expect the whole contribution to either vanish 	 ≈
0, or be negligible with respect to the leading term. If this is the case, then substituting
E[f 2] = 1/(2n + 1), the variance of the Hessian is approximately

VarUR ,UL

[
Tr[H]

] ≈ M(M + 1)
4

E
[
f 2] =

M(M + 1)
4(2n + 1)

≈ 1
4

M2

2n , (B.45)

which is four times smaller then the upper bound Eq. (B.41), but clearly has the same scal-
ing. While we numerically verified it also at other number of qubits, more investigations

Figure 16 Simulation results of evaluating the trace of the Hessian matrix for two different hardware-efficient
ansatzes with random values of the parameters. The plot on the left is obtained using the layer template
shown in the figure for n = 6 qubits and l = 6 layers. The plot on the right instead with n = 5 and l = 5 layers of
the template shown in the corresponding inset. The simulations are performed by sampling 2000 random
parameter vectors θm with θi ∼ Unif[0, 2π [, evaluating the trace of the Hessian matrix Tr[H(θ )], and then
building the histogram to show its frequency distribution. In both experiments the measured observable is
Z⊗n . The length of the arrows are respectively: “Numerical 2σ ” (black solid line) twice the numerical standard
deviation, “Approximation” (dashed red) twice the square root of the approximation in Eq. (B.45), “Bound”
(dashed-dotted green) twice the square root of the upper Bound in Eq. (B.41). These parametrized circuits
correspond to the templates BasicEntanglinLayer and Simplified2Design defined in
Pennylane [80], and used for example in [55] to study barren plateaus
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are needed to understand if and when this approximation holds, and we leave a detailed
study of this phenomenon for future work.

Appendix C: Visualization of CartPole policies obtained with Q-learning

Figure 17 Visualization of the Q-functions learned in the noise-free (a) and noisy (b) settings. The red surface
shows Q-values for pole angle and cart position, orange for pole angle and cart velocity, and magenta for
pole angle and pole velocity
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