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Abstract
In this study, a new version of the quantum teleportation protocol is presented, which
does not require a Bell state measurement (BSM) module on the sender side (Alice), a
unitary transform to reconstruct the teleported state on the receiver side (Bob),
neither a disambiguation process through two classic bits that travel through a classic
disambiguation channel located between sender and receiver. The corresponding
theoretical deduction of the protocol, as well as the experimental verification of its
operation for several examples of qubits through implementation on an optical table,
complete the present study. Both the theoretical and experimental outcomes show a
marked superiority in the performance of the new protocol over the original version,
with more simplicity and lower implementation costs, and identical fidelity in its most
complete version.
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1 Introduction
Since its appearance in the literature in 1993 [1], the quantum teleportation protocol has
become the cornerstone of one of the most important areas within quantum technology
[2–4], that is, quantum communications [5–8].

Since its beginnings [1], the use of the quantum teleportation protocol ranges from its
original application in quantum communications [9–21], to its function of supporting fu-
ture optical networks for the distribution of quantum keys. Specifically, in the quantum
cryptography context [22, 23], fiber optic cabling for terrestrial implementations of quan-
tum key distribution (QKD) protocols [24–27] requires quantum repeaters every certain
number of kilometers [28, 29], which in turn requires a large amount of quantum memory.
The problem is that the key is exposed in its passage through the quantum repeater. There
are currently two well-defined lines of research in this respect: the first has to do with the
development of quantum repeaters that do not require quantum memory, at least not that
much, and the second is to replace the same quantum repeaters with some type of imple-
mentation based on quantum teleportation [30]. Therefore, any improvement or simplifi-
cation of the quantum teleportation protocol will be very well received. The present study
deals with this, a more efficient simplification of the mentioned protocol with a clear pro-
jection over the future Quantum Internet [31–40].
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Regardless of the version of the teleportation protocol used, we cannot use it without a
classic channel as part of it, although the difference in the use of that channel has to do with
the specific function that it performs in each version. While in the original protocol [1] the
classical channel is used for disambiguation, that is, transporting two classical bits for this
purpose, in the non-ambiguous version the classical channel is used for the synchroniza-
tion of the measurements carried out by Alice (the sender) and Bob (the receiver). How-
ever, the measurement performed by Alice in the proposed version is not implemented via
a Bell state measurement (BSM) module [9–21], as in the original version [1], but through
one liquid crystal rotatable polarizer [41] or a combination of two free-space electro-optic
modulators (EOM) [42] and one fixed horizontal polarizer, which creates and projects the
state inducted by Alice (the sender) onto Bob’s side (the receiver). Furthermore, Bob does
not need to apply any unitary transforms to reconstruct the teleported state. Therefore,
a new teleportation protocol that is not subject to such demands, including no need for
disambiguation, will be most welcome due to its simpler and lower-cost implementation.

The outline of the paper is as follows: In Sect. 2, a comparative analysis of both versions
of the quantum teleportation protocol is presented, i.e., ambiguous, and complete vs non-
ambiguous and simplified, including a detailed theoretical deduction of both versions.
Section 3 is constituted by the implementation of the novel on an optical table. Section 4
presents a comparative discussion of the outcomes obtained. Finally, Sect. 5 deals with the
general conclusions of this study.

2 Quantum teleportation
Both the complete version (original) [1], i.e., the ambiguous one, as well as the simplified
version [30] (non-ambiguous), the quantum teleportation protocol required two types of
channels in order to carry out its work. The first channel is quantum and is known as
EPR, an acronym derived from a famous article written in 1935 by Albert Einstein, Boris
Podolsky, and Nathan Rosen [43], where these authors questioned the completeness of
Quantum Mechanics [44]. This channel arises from the creation and subsequent distri-
bution of entangled particles, which in our case are photons. The second channel is the
classic one [1, 9–21], which, as we have already mentioned before, transports classic dis-
ambiguation bits in the original version of the quantum teleportation protocol so that the
receiver (Bob) can correctly reconstruct the teleported qubit. However, in the simplified or
non-ambiguous version of teleportation, this channel will carry a synchronization signal,
which will allow the correct coordination and recovery of the teleported qubit on the re-
ceiver side (Bob). In such a way that until Bob does not receive the synchronization signal
sent by Alice, he should not measure, since otherwise, Bob would not know if the result
obtained is a consequence of the strong measurement carried out by him, or the weak
measurement carried out by Alice, and which is due to the projection action exerted by
her rotatable polarizer.

Next, we will theoretically deduce both protocols, although in the case of the original
version of the quantum teleportation protocol [1], we will only do so up to the point where
the ambiguity of the state to be teleported is revealed, which constitutes the central axis
around which all this study revolves, and which marks the performance limit between
both versions of the quantum teleportation protocol.
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Figure 1 Original, complete, and ambiguous quantum teleportation protocol. Bell state measurement is
highlighted in orange on Alice’s side; the classic channel between Alice and Bob through which the classic
bits {b0,b1} of disambiguation circulate is highlighted in green; and the unitary transform on Bob’s side is
highlighted in blue. Single lines represent quantum wires, while double lines represent classical wires

2.1 Ambiguous and complete
Figure 1 represents the original version of the quantum teleportation protocol [1], where
there are two well-defined sides divided by a horizontal dot line, the sender (Alice) and
the receiver (Bob). On Alice’s side, the qubit to be teleported is |ψ〉, which together with
one of the entangled photons enter the Bell State Measurement (BSM). In this case, the
Bell state [45] used is,

|β00〉 =
(|00〉 + |11〉)/

√
2, with, (1)

|ψ〉 = α|0〉 + β|1〉, (2)

where |α|2 + |β|2 = 1, such that α ∧ β ∈ C of a Hilbert’s space [45]. In the most generic
case, if we work with electrons, see Fig. A1(a) of Appendix A, we have,

α = cos(θ/2), and (3a)

β = eiφ sin(θ/2), (3b)

where 0 ≤ θ ≤ 2π , and 0 ≤ φ < 2π ; however, if we work with photons, see Fig. A1(b) of
Appendix A. Thus, we have,

α = cos(θ ), and (4a)

β = eiφ sin(θ ), (4b)

where 0 ≤ θ ≤ π , and 0 ≤ φ < 2π , although when we work with photons, we do not pre-
pare qubits capriciously oriented in arbitrary directions in space, but with respect to well-
defined axes, i.e., the angle φ takes values of {0;π/2;π ; 3π/2} almost exclusively [9–21, 30].
Moreover, for the case of electrons, we have that |0〉 =

[ 1
0

]
is an spin-up, and |1〉 =

[ 0
1

]
is an

spin-down, while for the case of photons |H〉 =
[ 1

0

]
represents the horizontal polarization,

and |V 〉 =
[ 0

1

]
the vertical polarization [45].
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In Fig. A1 of the Appendix A, we can appreciate the Bloch sphere for both electrons, and
photons (on an optical table). From now on, both in the deductions of the teleportation
protocols and in all the experiments related to Sect. 3 carried out on the optical table
and considering both the qubit model to be teleported, and the entanglement used (see
Appendix B), we will use the Bloch sphere from Fig. A1(b), i.e., for photons.

Returning to Fig. 1, on Alice’s side, we can observe a

CNOT =

⎡

⎢
⎢⎢
⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤

⎥
⎥⎥
⎦

gate [45], a Hadamard H =
[ 1/

√
2 1/

√
2

1/
√

2 –1/
√

2

]
gate [45], and two blocks of strong quantum mea-

surement [46], which together constitute the Bell state measurement (BSM) module [45].
As we will see below, it is precisely in this module where the famous ambiguity of the quan-
tum teleportation protocol [1] is generated. Without the intervention of the strong quan-
tum measurement blocks and in view of the possibility of a violation of the No-Cloning
Theorem [47], Bob (the receiver) could never recover the teleported state. Therefore, the
strong quantum measurement blocks remove the ambiguity, and at the same time, destroy
all possibility of violation of the No-Cloning Theorem by collapsing the wave function [45].

Figure 1 is completed with a classical channel (represented by double lines), which car-
ries the classical bits resulting from the strong quantum measurement performed by Al-
ice, and which represent one of the four possible Bell states [45], that is to say, |β00〉 =
(|00〉 + |11〉)/√2, |β01〉 = (|01〉 + |10〉)/√2, |β10〉 = (|00〉 – |11〉)/√2, |β11〉 = (|01〉 – |10〉)/√2,
which resulted selected as a consequence of the action of the BSM module. On Bob’s side,
we can see two gates of two qubits each: a CNOT gate and a Control-Z or

CZ =

⎡

⎢⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 –1

⎤

⎥⎥
⎥
⎦

gate, which are activated according to the classical bits received from the classical dis-
ambiguation channel, and which constitute the necessary unitary transform for Bob to
reconstruct the teleported state [1].

The action of the classical disambiguation channel is key within the quantum teleporta-
tion protocol due to two factors. The first concerns the transmission of the classical bits,
which will allow Bob to know which unitary transform to prepare in order to successfully
reconstruct the teleported state, and the second has to do with being the weak link in the
chain, since all the instantaneity of the entanglement is resigned in the teleportation of
any state at relativistic speeds [1].

In Appendix C, the complete timeline deduction of this protocol is developed. The
last two lines of Equation (C.3), which we reproduce below as Equation (5), are equiva-
lent and highlight the famous ambiguity of the quantum teleportation protocol [1], since
the teleported state appears four times in that equation, i.e., there is an overexpression
of the state to be teleported when projected onto the four Bell bases at the same time
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{|β00〉, |β01〉, |β10〉, |β11〉}.

|ψ(t2)〉 =
(|00〉X0Z0|ψ〉 + |01〉X1Z0|ψ〉 + |10〉X0Z1|ψ〉 +

∣∣11〉X1Z1|ψ〉)/2

≡ (|β00〉X0Z0|ψ〉 + |β01〉X1Z0|ψ〉 + |β10〉X0Z1|ψ〉 + |β11〉X1Z1|ψ〉)/2, (5)

where X and Z are defined in Appendix C. This simultaneous projection generates an
equiprobable ambiguity, where each Bell base has a 25% chance of being selected as a
result of the random action of the BSM module on Alice’s side. The BSM module is a
strong measurement [45], which resolves the ambiguity by collapsing the wave function
and decides things for one of the four Bell bases.

If we now return to Equation (5), we will see that the subscripts of each Bell base match
the superscripts of the Pauli matrices X and Z, in such a way that those indices as classical
bits travel through the disambiguation channel that connects Alice and Bob in order for
Bob to know which gates X and Z to activate to reconstruct the teleported state. The X
and Z gates with their respective activation superscripts constitute the unitary transform
that Bob must apply to successfully close the teleportation process.

This protocol has presented notable technical implementation challenges during the last
decades [9–21] due to the essential coordination of both channels (quantum and classical)
to carry out successful teleportation. Therefore, any simplification of this protocol is very
welcome.

2.2 Non-ambiguous and simplified
As a generalization of Equation (2) for the case of photons, a generic state to be teleported
would be like that of Equation (6),

|ψ(θ ,φ)〉 = cos(θ )|0〉 + eiφ sin(θ )|1〉. (6)

Taking this type of qubit as a model, we can construct any of the four Bell states [45], for
example the |β00〉 of Equation (7),

|β00〉 =
(∣∣ψ(θ ,φ)〉∣∣ψ(θ ,φ)〉 +

∣∣ψ(θ + π/2,φ)〉∣∣ψ(θ + π/2,φ)〉)/
√

2. (7)

However, and in order to simplify the study and subsequent analysis, we prefer to resort
to simpler forms of qubits to be teleported, regardless of how generic they are. These
simpler forms of generic qubits arise from projections of the state vector |ψ(θ ,φ)〉 onto
the three planes of the Bloch sphere of Fig. A1(b), i.e., x-y, x-z, and y-z, which can be seen
in detail in Appendix B.

Then, from the three qubit models developed in Appendix B, we select the one from
Equation (B.2) corresponding to the projection of the state vector |ψ(θ ,φ)〉 onto the x-y
plane, which we use to develop the Bell |β00〉 basis of Equation (B.3), that is,

|ψ(θ , 0◦)〉 = cos(θ )|0〉 + sin(θ )|1〉, and (8)

|β00〉 =
(∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 +

∣
∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2, (9)

whose possible outcomes resulting from the collapse of the wave function common to
Alice and Bob, after the weak measurement carried out by the Alice’s rotatable polarizer
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Figure 2 Simplified and non-ambiguous quantum teleportation protocol. The θ angle and the Bell state
|β00〉 enter the rotatable polarizer. Two distinct areas correspond to the rotatable polarizer and the strong
measurement. The outcomes between the qubits q[0] and q[1] show a 3 dB drop in intensity

of Fig. 2, should be apparently, |ψ(θ , 0◦)〉⊗ |ψ(θ , 0◦)〉 or |ψ(θ +π/2, 0◦)〉⊗ |ψ(θ +π/2, 0◦)〉;
however, the rotatable polarizer is strict and always decides in favor of the outcomes of
angle θ and not θ + π/2 (Fig. 2).

This preliminary analysis begins to hint at a reaction of this protocol against the ambi-
guities; however, then we will proceed to theoretically verify the aforementioned claim,
and later we will do it experimentally on an optical table.

In Appendix D, the complete timeline deduction of this protocol is developed. The last
line of Equation (D.5), here reproduced as Equation (10), matches the outcomes of Fig. 2,
except for 3 dB, i.e., 50% of the photons survive, since 1√

2
1√
2 = 1

2 . As we will see, this is
compensated in practice by an amplifier.

|ψ(t1)〉 =
|ψ(θ )〉 ⊗ |ψ(θ )〉√

2
. (10)

What is relevant here is that Alice (the sender) indirectly induces a state like that of Equa-
tion (10) at both ends of the EPR channel through entanglement collapse thanks to the
action of a rotatable polarizer, which acts as a weak measurement. None of this manifests
itself until the intervention of the strong measurement. Alice selects one of the infinitely
many possible outcomes internally present in the Bell state of Equation (9) through the
correct selection of the angle to be applied to the rotatable polarizer. The replication of a
particular state at both ends of the EPR channel, considering the qubit model of Equation
(8), is interpreted here as a voluntarily teleported state from Alice to Bob, thanks to the
induction of a simultaneous collapse towards that particular state according to the angle
of the polarizer. However, this does not imply a violation of the No-Cloning Theorem [47]
at all, as explained in Appendix E, since there is no explicit input of a state like that of
Equation (8) for its subsequent replication, but an indirect selection of the internal out-
comes of the Bell state through a weak measurement process, which coincides with the
state that is desired to be shared at both ends.

For this purpose, Alice uses a rotatable polarizer instead of using a BSM as in the original
protocol [1], i.e., a weak measurement, although a strong one follows at both ends of the
EPR channel.
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Another relevant aspect of this protocol is the total absence of ambiguities that must be
resolved on Alice’s side so that Bob can correctly reconstruct the teleported state. Unlike
the original protocol [1], in the version presented here Alice does not have a BSM [46],
there are no classic disambiguation bits that tell Bob which type of unitary transform to
apply in order to reconstruct the teleported state, given that Bob should not apply any
unitary transform to reconstruct that state. However and in principle, we cannot do with-
out the classic channel, which is not used here as part of the disambiguation process, but
rather so that Bob knows when to measure, because if Bob measured before Alice applied
the polarizer, all teleportation would be distorted, since the state obtained by him would
be the typical outcomes presented by the measurement of entanglement [45], and not the
desired state. Therefore, a sync signal is sent, from Alice to Bob, through a classical chan-
nel. If such synchronism did not exist, Bob would not know whether he is measuring a Bell
state of the type in Equation (9) prior to the rotatable polarizer or the post-polarizer state,
i.e., the desired state. This uncertainty is dissipated when Bob receives the signal from Al-
ice indicating that the rotatable polarizer was applied, after which he proceeds to make a
strong measurement of it [46]. In principle, without the synchronizing signal, Bob does
not know if he or Alice trigger the obtaining of the outcomes, and therefore if they are the
correct outcomes. Finally, so far, the new protocol has the same degree of uncertainty as
the original protocol without the disambiguation bits [1].

3 Implementation on an optical table
Next, we will start with the experimental verification, on the optical table of Fig. 3, of ev-
erything demonstrated theoretically in Sect. 2.2. For this purpose, the rotatable polarizer
is implemented through the configuration of Equation (D.3), i.e., thanks to two EOMs

Figure 3 Implementation of the protocol of Fig. 2 on an optical table. The rotatable polarizer is implemented
thanks to the EOM(θ ) + P(0◦) + EOM(θ ) combination. A pump laser of 405 nm generates two beams of 810 nm
at the exit of the BBO crystal. Two polarizing beam splitters with two avalanche photodiodes at the exit of
each one complete the layout. A pair of mirrors deflect the beams so that the entire setup is contained on the
table without having to resort to fiber optics
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[42] with their respective EOMs controllers. For the rest of the protocol implementation
of Fig. 2, on the optical table of Fig. 3, we will assume the roles of Alice and Bob at the
same time, and for this reason we dispense with the aforementioned synchronization sig-
nal and the classical channel. Furthermore, we will prepare simple states to be teleported
for easier analysis of the outcomes obtained; however, always respecting the qubit model
of Equation (8) for θ = {0◦, 90◦, 45◦, 135◦}, being φ = 0◦.

An input laser beam or pump laser of 405 nm, with a range of power between 20mw
and 50 mW, is used as the source of power. In particular, a gallium-nitride (GaN) diode
laser is used for two reasons: (i) it has greater stability and temperature control, and (ii)
its short wavelength allows us to work with efficient detectors of 810 nm. The blue diode
laser beam (405 nm, 50 mW) passes through a zero-order half-wave plate (HWP) with
a phase of 22.5°, which represents a Hadamard matrix [45]. Then, the laser beam passes
through a narrow bandpass filter or quartz plate of 405 nm. Thanks to this, photons with
a state of polarization of diagonal type are obtained,

|+〉 = H|0〉 =

[
1/

√
2 1/

√
2

1/
√

2 –1/
√

2

][
1
0

]

=

[
1/

√
2

1/
√

2

]

. (11)

Later, the laser beam impacts on a solid block (5 × 5 × 3 mm3) of beta barium borate
(BBO) to produce Type-I down-conversion. Nevertheless, to produce a Bell state of type
|β00〉, we use two BBO Type-I crystals (together, one next to the other) rotated by 90°.
When |+〉 enters the first crystal, it generates a pair |HH〉, while upon entering the second
crystal, it generates a pair |VV 〉, in such a way that together both pairs generate the state
|β00〉. Using a 405 nm laser pump, this configuration produces a 6° cone at the output of
the second crystal, i.e., 3° for the branch known as signal (810 nm) and –3° for the branch
known as idler (810 nm), with a phase matching angle for Type-I down-conversion of ap-
proximately 29°. In Fig. 3, the angle between both beams (signal and idler) was exaggerated
to better appreciate the layout, where the beam path dimensions are not to scale. With the
same criteria, several adjustment elements have not been incorporated into Fig. 3 so as
not to complicate it.

However, from left to right in Fig. 3, those components are:
• a quartz plate (before BBO) is an ∝-BBO, as a phase-matching crystal,
• a BBO, on each beam, after the double BBO, and
• a block of pinhole+filter(808 nm)+lens at the entrance of each avalanche photodiode

(APD).
Other elements not yet mentioned will be added in two additional phases called com-

pensation and calibration, which will be explained later along with the components that
they require.

Continuing with the implementation of the protocol of Fig. 2 in Fig. 3, both outgoing
beams of the second BBO are deflected by two mirrors so that all the geometry of the
protocol is completely contained within the useful perimeter of the optical table. A third
beam collinear with the beam incident to the first BBO crystal and forming the same
angle with the two beams mentioned before (signal, and idler) is intercepted by a beam
blocker.

Continuing along Alice’s beam, an assembly with one 810 nm calcite film polarizer fixed
at horizontal polarization (which is good throughout the visible spectrum and has high
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extinction ratios), and two EOMs of 808 nm with controllable angles through two EOM
controllers connected to a laptop are used. Two dual-wavelength 405/810 nm polarizing
beam-splitter (PBS) of 0.5′′ × 0.5′′ × 0.5′′ are used. When working at 810 nm, the APDs
have an efficiency of 60%, and we have worked with acquisition times ranging from 50
ms to 1 sec, with and without a block of pinhole+filter(808 nm)+lens before the APDs.
A four-channels time-tagger device is used after the four APDs.

When the state indirectly prepared in the qubit q[0] of Fig. 2, through an angle θ = 0°, is
a |0〉, the outcomes obtained from the optical implementation of Fig. 3 can be seen in the
bar graph at the top of Fig. 4, while in case of introducing an angle θ = 90° in the rotatable
polarizer, the state indirectly prepared turns out to be a |1〉, in which case the outcomes
obtained are those of the bar graph at the bottom of Fig. 4. Furthermore, if the θ angle
entered into the rotatable polarizer is 45°, the state indirectly prepared will turn out to be
|+〉, and the results obtained can be seen in the upper part of Fig. 5, while for a θ angle =
135°, the state indirectly prepared turns out to be |–〉, and their corresponding outcomes
can be seen at the bottom of Fig. 5, where,

|–〉 = H|1〉

=

[
1/

√
2 1/

√
2

1/
√

2 –1/
√

2

][
0
1

]

=

[
1/

√
2

–1/
√

2

]

. (12)

Next, we describe in detail the way in which the performances of Figs. 4 and 5 were
obtained according to the protocol of Fig. 3, for which we must take into account that
these are relative percentages between APDs of each beam, given that in absolute terms
it is necessary to consider the drop of 3 dB present in Equation (D.5), as a consequence of
the intervention of the rotatable polarizer. Therefore, we must define the performance of
the outcomes obtained with respect to the APDs, both for Alice and Bob in relation to the
HV base of both PBS of Fig. 3. Then, Alice’s performance with respect to the horizontal
output of her PBS results from the photon counting carried out by their respective APDs
(1, and 2) is then:

ηA
H =

n1

n1 + n2
, (13)

while for the case of the vertical output of her PBS, we have,

ηA
V =

n2

n1 + n2
, (14)

where n1 represents the result of the photon count in the APD of Alice’s exit #1, and n2

corresponds to the photon count in the APD of Alice’s exit #2. With similar criteria, on
Bob’s side the following performances result,

ηB
H =

n3

n3 + n4
, and, (15)

ηB
V =

n4

n3 + n4
. (16)
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Figure 4 Performance obtained with the optical implementation of Fig. 3. The bar graph at the top
corresponds to the case in which the prepared qubit in q[0] is |0〉, while in the case of preparing a |1〉, its
respective bar graph is at the bottom of this figure. The pink bars correspond to the horizontal polarization
performances of qubits q[0] and q[1], while the blue bars correspond to their vertical pola-rization
performances. In qubit q[1] on Bob’s side, a performance degradation can be distinguished which will be
compensated in Sect. 3.1

In this way, we complete Table 1, which confronts the teleported states {|0〉, |1〉, |+〉, |–〉},
and the performances of Equations (13) to (16), expressed numerically in Figs. 4
and 5.
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Figure 5 Performance obtained with the optical implementation of Fig. 3. The bar graph at the top
corresponds to the case in which the prepared qubit in q[0] is |+〉, while in the case of preparing a |–〉, its
respective bar graph is at the bottom of this figure. As in Fig. 4, the pink bars correspond to the horizontal
polarization performances of qubits q[0] and q[1], while the blue bars correspond to their vertical polarization
performances; however, for the teleported states, the degradation of the outcomes on Bob’s side that we
observed in that figure is not observed here, which indicates the greater affinity for the teleportation of states
of the type {|+〉, |–〉} above those of the type {|0〉, |1〉}

Based on the performances of Table 1, we will calculate the density matrices of the out-
comes of the 3D graphs represented in Fig. 6 for the theoretical (OT

|ψ(θ ,0◦)〉) and experi-
mental (OE

|ψ(θ ,0◦)〉) cases, for which, we must first make explicit the expected outcomes
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Table 1 States to teleport |ψ (θ , 0◦)〉 vs their respective performances η

|ψ (θ , 0◦)〉 ηA
H ηA

V ηB
H ηB

V

|0〉 0.9651 0.0349 0.8109 0.1891
|1〉 0.0234 0.9766 0.1852 0.8148
|+〉 0.5274 0.4726 0.4860 0.5140
|–〉 0.4677 0.5323 0.5055 0.4945

and those obtained in each case,

OT
|0〉 =

[
1
0

]

⊗
[

1
0

]

=

⎡

⎢
⎢⎢
⎣

1
0
0
0

⎤

⎥
⎥⎥
⎦

, (17)

OE
|0〉 =

[
0.9651
0.0249

]

⊗
[

0.8109
0.1891

]

=

⎡

⎢
⎢⎢
⎣

0.7826
0.1825
0.0283
0.0066

⎤

⎥
⎥⎥
⎦

, (18)

ρT
|0〉 =

⎡

⎢
⎢⎢
⎣

1
0
0
0

⎤

⎥
⎥⎥
⎦

[
1 0 0 0

]
=

⎡

⎢
⎢⎢
⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤

⎥
⎥⎥
⎦

, and (19)

ρE
|0〉 =

⎡

⎢⎢⎢
⎣

0.7826
0.1825
0.0283
0.0066

⎤

⎥⎥⎥
⎦

[
0.7826 0.1825 0.0283 0.0066

]

=

⎡

⎢⎢
⎢
⎣

0.6125 0.1428 0.0221 0.0052
0.1428 0.0333 0.0052 0.0012
0.0221 0.0052 0.0008 0.0002
0.0052 0.0012 0.0002 0

⎤

⎥⎥
⎥
⎦

, (20)

OT
|1〉 =

[
0
1

]

⊗
[

0
1

]

=

⎡

⎢⎢
⎢
⎣

0
0
0
1

⎤

⎥⎥
⎥
⎦

, (21)

OE
|1〉 =

[
0.0234
0.9766

]

⊗
[

0.1852
0.8148

]

=

⎡

⎢
⎢⎢
⎣

0.0043
0.0191
0.1809
0.7957

⎤

⎥
⎥⎥
⎦

, (22)

ρT
|1〉 =

⎡

⎢
⎢⎢
⎣

0
0
0
1

⎤

⎥
⎥⎥
⎦

[
0 0 0 1

]
=

⎡

⎢
⎢⎢
⎣

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎤

⎥
⎥⎥
⎦

, and (23)
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Figure 6 Comparison between the theoretical and the experimental (resulting from the optical
implementation of the protocol of Fig. 2) versions of density matrices for the three characteristic examples of
states to be teleported, i.e., for: (a) |0〉 theoretical, (b) |0〉 experimental, (c) |1〉 theoretical, (d) |1〉 experimental,
(e) |+〉 theoretical, and (f) |+〉 Experimental. The theoretical and experimental results of teleporting the |–〉
state are not shown so as not to overload the figure. The most notable difference between both versions of
the first two cases lies in the existence of non-zero values close to the correct elements, i.e., to those values
close to the corners

ρE
|1〉 =

⎡

⎢
⎢⎢
⎣

0.0043
0.0191
0.1809
0.7957

⎤

⎥
⎥⎥
⎦

[
0.0043 0.0191 0.1809 0.7957

]

=

⎡

⎢
⎢⎢
⎣

0 0.0001 0.0008 0.0034
0.0001 0.0004 0.0034 0.0152
0.0008 0.0034 0.0327 0.1439
0.0034 0.0152 0.1439 0.6332

⎤

⎥
⎥⎥
⎦

, (24)
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OT
|+〉 =

[
1/

√
2

1/
√

2

]

⊗
[

1/
√

2
1/

√
2

]

=

⎡

⎢⎢⎢
⎣

1/2
1/2
1/2
1/2

⎤

⎥⎥⎥
⎦

, (25)

OE
|+〉 =

[
0.5274
0.4726

]

⊗
[

0.4860
0.5140

]

=

⎡

⎢⎢⎢
⎣

0.2563
0.2711
0.2297
0.2429

⎤

⎥⎥⎥
⎦

, (26)

with

ρT
|+〉 =

⎡

⎢
⎢⎢
⎣

1/2
1/2
1/2
1/2

⎤

⎥
⎥⎥
⎦

[
1/2 1/2 1/2 1/2

]
=

⎡

⎢
⎢⎢
⎣

1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4
1/4 1/4 1/4 1/4

⎤

⎥
⎥⎥
⎦

, and (27)

ρE
|+〉 =

⎡

⎢
⎢⎢
⎣

0.2563
0.2711
0.2297
0.2429

⎤

⎥
⎥⎥
⎦

[
0.2563 0.2711 0.2297 0.2429

]

=

⎡

⎢
⎢⎢
⎣

0.0657 0.0695 0.0589 0.0623
0.0695 0.0735 0.0623 0.0659
0.0589 0.0623 0.0528 0.0558
0.0623 0.0659 0.0558 0.590

⎤

⎥
⎥⎥
⎦

, (28)

OT
|–〉 =

[
1/

√
2

–1/
√

2

]

⊗
[

1/
√

2
–1/

√
2

]

=

⎡

⎢⎢⎢
⎣

1/2
–1/2
–1/2
1/2

⎤

⎥⎥⎥
⎦

, (29)

OE
|–〉 =

[
0.4677
0.5323

]

⊗
[

0.5055
0.4945

]

=

⎡

⎢⎢
⎢
⎣

0.2364
0.2313
0.2691
0.2632

⎤

⎥⎥
⎥
⎦

, (30)

ρT
|–〉 =

⎡

⎢⎢
⎢
⎣

1/2
–1/2
–1/2
1/2

⎤

⎥⎥
⎥
⎦

[
1/2 –1/2 –1/2 1/2

]

=

⎡

⎢
⎢⎢
⎣

1/4 –1/4 –1/4 1/4
–1/4 1/4 1/4 –1/4
–1/4 1/4 1/4 –1/4
1/4 –1/4 –1/4 1/4

⎤

⎥
⎥⎥
⎦

, and (31)

ρE
|–〉 =

⎡

⎢
⎢⎢
⎣

0.2364
0.2313
0.2691
0.2632

⎤

⎥
⎥⎥
⎦

[
0.2364 0.2313 0.2691 0.2632

]



Mastriani EPJ Quantum Technology           (2023) 10:14 Page 15 of 31

Table 2 Fidelity in terms of the teleported state |ψ (θ , 0◦)〉
|ψ (θ , 0◦)〉 |0〉 |1〉 |+〉 |–〉
Fidelity 0.8309 0.8348 0.9120 0.9190

=

⎡

⎢⎢⎢
⎣

0.0559 0.0547 0.0636 0.0622
0.0547 0.0535 0.0622 0.0609
0.0636 0.0622 0.0724 0.0708
0.0622 0.0699 0.0708 0.0693

⎤

⎥⎥⎥
⎦

. (32)

This last example was not included in Fig. 6 in order not to overload it. Furthermore,
with the density matrices of Equations (19), (20), (23), (24), (27), (28), (31), and (32), we will
proceed to calculate the respective fidelities corresponding to each example of teleported
state, for which, the best definition of fidelity that we can find in the literature is the fol-
lowing [48]: “Fidelity is the measurement of the overlap between two density matrices of
theoretical and experimental quantum states obtained as output”, and it can be calculated
from the following formula,

F
(
ρT ,ρE)

=
[
Tr

(√√
ρTρE

√
ρT

)]2, (33)

where F is the fidelity, Tr(•) means the trace of a square matrix (•), ρT represents the theo-
retical density matrix of the qubit to be teleported (associated with the sender side), while
ρE is the experimental density matrix resulting from the platform to be used for teleporta-
tion (particularly associated with the receiver side). The fidelity of Equation (33) is a widely
used expression which possesses a number of valuable properties such as monotonicity
under quantum maps, which, in particular, represent the processes of decoherence in real
quantum circuits.

Therefore, the fidelities depending on the teleported state |ψ(θ , 0◦)〉 can be seen in Ta-
ble 2, which clearly shows less distortion in the case of teleporting states of the {|+〉, |–〉}
type.

3.1 Compensation phase
As we can see from the experiments carried out in Fig. 3, when Alice wishes to transmit
computational basis states (CBS) to Bob, that is to say {|0〉, |1〉}, he will receive states of
the type: {(0.83 ± 0.02)|0〉 + (0.17 ∓ 0.02)|1〉, (0.17 ± 0.02)|0〉 + (0.83 ∓ 0.02)|1〉}, respec-
tively. This can be resolved in the following way, where Bob can perform a post-processing
whereby:

• when he gets a (0.83 ± 0.02)|0〉 + (0.17 ∓ 0.02)|1〉 → post – processing → |0〉, and
• when he gets a (0.17 ± 0.02)|0〉 + (0.83 ∓ 0.02)|1〉 → post – processing → |1〉,

where the post-processing consists in a logic transpilation inside the laptop of Fig. 3, and
the action of the logic transpilation allows, instead of receiving the states mentioned above,
he will receive:

• |0〉, when Alice transmits a |0〉, and
• |1〉, when Alice transmits a |1〉.
In this case, the fidelity inside laptop goes from (83 ± 2)% to 100%.
As we will see in Sect. 4, Fig. 7 shows us that the distortion (difference between the blue

and red curves) is greater when θ = {0◦, 90◦} ↔ {|0〉, |1〉} = CBS. This is because it is a much
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simpler protocol than the original and is much more directly related to entanglement,
which is why the states {|+〉, |–〉} (that is, very well balanced) have almost no distortion.

On the other hand, the distortion analyzed has nothing to do with the 3 dB drop in the
outcomes of Equation (10), which is part of the teleportation process of the new protocol.
This type of attenuation is also present at the output of the original protocol, which can be
observed in Equation (5), where we see that as a result of the action of the BSM the drop
is even more pronounced than in the proposed protocol, that is, of 1/2 instead of 1/

√
2.

Furthermore, both in the original protocol and in the proposed one, their respective
intensity drops do not have to do with a particular θ angle, but affect all of them equally,
in such a way that the distinguishability between states can only be compromised if the
level of the noise present is very notorious, which is why optical amplifiers must be used
to compensate for the aforementioned drops with an excellent signal to noise ratio (SNR).

Finally, in practice, which is especially related to the use of teleportation as an auxil-
iary of QKD protocols, we are going to work almost exclusively with states of the type
{|0〉, |1〉, |+〉, |–〉}, with which the teleportation protocols show the highest performance.

3.2 Calibration phase
The purpose of this phase is to eliminate the classic channel. Therefore, after consulting
the manufacturer of the EOMs and the polarizer, and after carrying out several measure-
ments with the GPS clock, we were able to obtain a delay of 0.79 ns generated on Alice’s
side due to the rotatable polarizer (EOM+Ph+EOM), which was compensated on Bob’s
side with a free-space optical delay line [49], which works on the basis that the pulses are
sent through an optical arrangement with a variable path length, where path lengths in
the air are used, which implies a delay of approximately 3.34 ps per millimeter, or approx-
imately 30 cm for a delay of 1 ns.

In this study, and in order to measure the mentioned delay, we use a GPS clock built in
our laboratory based on the design of Tony DiCola [50], which uses the Arduino Adafruit
METRO 328 Fully Assembled – Arduino IDE compatible – ATmega328 [51].

4 Discussion about the outcomes
As we can see from Table 2, the new protocol shows us that unlike the original version of
quantum teleportation [1], the fidelity is better for states of the type {|+〉, |–〉} than in the
case of the so-called computational basis states (CBS) [45], i.e., {|0〉, |1〉}. This has to do
with the fact that the present protocol is more faithful when it comes to teleporting states
that are more balanced in their CBS proportions (regardless of the signs that these doses
have), than that which is completely unbalanced as the case of a CBS itself.

Next, an evaluation will be carried out about the intervention of the classic channel,
which, as we mentioned before, is of main importance in the functional integration of the
original protocol [1], while in the new protocol we can dispense with its use by a procedure
called timing calibration.

In the experiment carried out in Sect. 3 on the optical table, we have fulfilled the role of
Alice and Bob at the same time, therefore, the synchronization signal was not necessary,
and neither was the classic channel. Since both roles (the sender, and the receiver) were
in our charge, we knew when to measure when playing the role of Bob in order to be able
to recover the teleported state. However, in a real communication context, where Alice
and Bob are separated by a considerable distance and eventually the source of entangled



Mastriani EPJ Quantum Technology           (2023) 10:14 Page 17 of 31

photons is in the hands of a third actor (e.g., Charlie), we cannot do without the synchro-
nization signal and therefore the classical channel, unless we know exactly both the time
it takes for Alice to apply the rotatable polarizer and the time it takes for the photons to
travel from the source of entangled photons to the rotatable polarizer. In theory, if the
entangled photon source emits anti-bunched photons [52], and we work with a single-
photon source and detectors, we could more easily delay Bob’s strong measurement until
we are sure that when he measures, he will do so after Alice has applied the rotatable po-
larizer. In this way, calibrating the entire configuration the first time the protocol is used,
and sharing information between Alice and Bob through the use of an alternative channel,
which by modifying the delay in the application of the strong measurement on Bob’s side
in a controlled way until full agreement is reached between what Alice says she sent to
Bob and what Bob gets by measuring, the calibration of the times of that particular imple-
mentation will be successful and consequently the synchronization signal and the classic
channel can be dispensed.

Since one of the beams of an entangled pair can be delayed, then Bob’s beam should be
delayed long enough the first time so that he never measures first. When we have an idea
of how long it takes for Alice’s infrastructure to apply the rotatable polarizer, as well as
the delays in all sections of the distribution of entangled photons via free space [52] or
optical fiber [53], we will apply the necessary delay to Bob’s beam, through optical config-
urations specially designed for this purpose [52, 54] or through quantum memories [52],
in order to recover the teleported state and thus save ourselves the synchronization signal
and the classical channel. Retarding entangled photons is a common practice in the labo-
ratory [52–54]. In cases where the calibration of the times of a quantum communications
protocol is critical, a global-position-system (GPS) clock [9, 10] is used to synchronize the
times with total precision and accuracy.

In Equation (D.5) of Sect. 2.2, we were able to observe that as a consequence of the action
of the rotatable polarizer the outcomes drop by 3 dB, which means that 50% of the pho-
tons that were emitted by the source survive, regardless if they were entangled-photons
before the rotatable polarizer and independent photons after this. The rotatable polarizer
P(θ ) filters and what before it was a normalization of the Bell state |β00〉 of Equation (11)
of unitary modulus, after P(θ ) that modulus drops to 1/

√
2. The action of P(θ ) is only

filtering and its incidence in the 3 dB drop is due to the action of suppressing those com-
ponents of |β00〉 that are at 90° of the θ angle of P(θ ). In other words, P(θ ) filters, unmasks
a reality, and in this way disturbs the original normalization of |β00〉. As we have already
mentioned before, this is not a problem since this drop in the module of the outcomes can
be compensated with an amplifier.

On the other hand, the drop in the modulus of the outcomes is unavoidable due to sev-
eral factors: (a) Malus’ Law [55], (b) the rotatable polarizer P(θ ) is not a perfect filter, that
is, it has absorption losses, and (c) several additional and concomitant factors of lesser
incidence, such as reflection, among others. For this reason, the APD #2 (vertical output
of the PBS) of Alice in Fig. 4 does not count 0 photons when P(θ ) = P(0◦), and it is not a
perfect projector either; for this reason the APD #4 (vertical output of the PBS) from Bob
also does not count 0 photons when P(θ ) = P(0◦). As a consequence of this, the rotatable
polarizer does not induce or project accurately. As a consequence of this, post-processing
in order to correctly interpret the results is required, such that when Bob gets an outcome
of approximately {(0.83 ± 0.02)|0〉 + (0.17 ∓ 0.02)|1〉}, what Alice really wanted to project
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Figure 7 Performances for θ angle between 0 and π : (a) ηA
H (red), and ηB

H (blue), and (b) ηA
V (red), and ηB

V
(blue). In both figures, the dotted black lines represent the ideal case, and ignoring the mentioned losses, near
θ = π /4, and 3π /4 the three curves, in (a) and (b), practically coincide. Both in the case of the outcomes
detected by the APDs of Alice and in the case of Bob, both figures show us that the performances comply
with the following equalities: ηA

H + ηA
V = 1, and ηB

H + ηB
V = 1

was a |0〉, and when Bob gets an outcome of about {(0.17 ∓ 0.02)|0〉 + (0.83 ± 0.02)|1〉},
what Alice really wanted to project was a |1〉. The case of the states {|+〉, |–〉} is different,
since as we have seen, when Alice tries to project them, Bob receives them with the highest
fidelity.

Finally, Fig. 7(a) shows ηA
H (red), and ηB

H (blue) from Equations (13) and (14) in terms of
the θ angle of P(θ ), while Fig. 7(b) shows ηA

V (red), and ηB
V (blue) from Equations (15) and

(16) in terms of the θ angle of P(θ ), when the θ angle of the EOMs that implement the rotat-
able polarizer varies between 0 and π . In both figures, the dotted black lines represent the
ideal case. As can be seen, the aforementioned post-processing is required mainly when
Alice wants to project states of the type {|0〉, |1〉}, which together with the states {|+〉, |–〉}
are those that have been to teleport in 100% of the cases, since there are no practical ex-
amples that justify the teleportation of states with capricious orientations on the Bloch
sphere.

5 Conclusions
A simplified and non-ambiguous version of the quantum teleportation protocol has been
presented. Both the theoretical deduction and the experimental verification of the out-
comes on an optical table have demonstrated the feasibility of this new and performant
version.

Based on the qubit model of Equation (8) and the deduction of the Bell state |β00〉 of
Equation (9) from that model, we have shown that the intervention of a weak measurement
carried out by means of a rotatable polarizer on Alice’s side (the sender) induces or projects
a desired state on Bob’s side (the receiver), which is interpreted in the context of this new
protocol as the teleportation of an underlying state hinted at through the θ angle according
to the selected qubit model.

Notwithstanding the qubit model selected to carry out the experiments in Sect. 3, all
the qubit models in Appendix B have been successfully tested on an optical table.

As shown in Appendix E, the protocol in Fig. 2 does not violate the No-Cloning Theo-
rem, since there is no incoming state to that protocol that is replicated at its output, but
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rather a pair of incoming angles, where θ is a variable and φ is a parameter, i.e., we apply
ceteris paribus.

The 3 dBs drop in outcomes seen in Equation (D.5) of Sect. 2.2 is not a problem at all,
since it can be compensated for with an amplifier. However, this protocol requires post-
processing of the outcomes on Bob’s (the receiver) side for the correct interpretation of
the states projected by Alice (the sender).

Finally, the possibility of removing the classic channel after a timing calibration pro-
cedure, further projects the new protocol to replace quantum repeaters [28, 29] in QKD
infrastructures [24–27], and in the future Quantum Internet [31–40].

Appendix A: Bloch’s spheres
In Fig. A1, we can appreciate two Bloch’s spheres. Figure A1(a) shows the one used in
the case of electrons, while Fig. A1(b) presents the sphere used in the case of photons on
an optical table. In the case of Fig. A1(a), we speak of spin-up or spin-|0〉 for those states
located at the north pole of the sphere, and of spin-down or spin-|1〉 for states located at the
south pole of it. Comparing both figures, it is possible to appreciate that for both electrons
and photons (on an optical table), although we use θ as the angle that takes us from one
state to another, in the case of electrons that angle starts on the z axis and descends, while
in the case of photons, this angle starts in the x-y plane and goes up. This naming is key
in the analysis of the configuration of the experiments carried out on the optical table in
Sect. 3, according to the model of the qubit to be teleported and the entanglement used,
which was developed in Appendix B.

In Fig. A1(b), the entangled (unpolarized) photon advances in the z-direction (enter-
ing the page) in such a way that it leaves behind the source of entangled photons and will
impact ahead with the optical devices that are part of the teleportation protocol imple-
mented.

Figure A1 Bloch sphere of a qubit for: (a) electrons, and (b) photons on an optical table, where the source of
entangled photons is behind and the polarizers/detectors are ahead
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Appendix B: Bell bases from qubits projected onto planes of the Bloch’s sphere
Given the qubit model to be teleported for the photons case,

|ψ(θ ,φ)〉 = cos(θ )|0〉 + eiφ sin(θ )|1〉, (B.1)

and according to which one of the three planes in Fig. A1(b) the entanglement used is
developed, we will have a complete set of the four Bell bases [45], according to that plane.

1. Entanglement in the x-z plane of Fig. A1(b), where φ = 0◦, and θ can vary freely:
Then the model of qubit results,

|ψ(θ , 0◦)〉 = cos(θ )|0〉 + sin(θ )|1〉. (B.2)

In terms of this model of qubit the four Bell states arise:

|β00〉 =
(∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 +

∣
∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
((

cos(θ )|0〉 + sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉)(cos(θ + π/2)|0〉

+ sin(θ + π/2)|1〉))/
√

2. (B.3)

Now, being,

cos(θ + π/2) = – sin(θ ), and (B.4a)

sin(θ + π/2) = cos(θ ), (B.4b)

if we replace Equations (B.4a) and (B.4b) into Equation (B.3), the latter results,

|β00〉 =
((

cos(θ )|0〉 + sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
– sin(θ )|0〉 + cos(θ )|1〉)(– sin(θ )|0〉 + cos(θ )|1〉))/

√
2

=
(
cos(θ )2|00〉 + sin(θ ) cos(θ )|10〉 + cos(θ ) sin(θ )|01〉 + sin(θ )2|11〉
+ sin(θ )2|00〉 – sin(θ ) cos(θ )|10〉 – cos(θ ) sin(θ )|01〉 + cos(θ )2|11〉)/

√
2

=
(|00〉 + |11〉)/

√
2. (B.5)

Considering the inverter Pauli gate X =
[ 0 1

1 0

]
, such as X|0〉 = |1〉 and X|1〉 = |0〉, I2×2 =

[ 1 0
0 1

]
, and also Equation (B.4a)–(B.4b), yields

|β01〉 = (X + I2×2)|β00〉
=

(
X

∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 + X
∣∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
(
X

(
cos(θ )|0〉 + sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+ X
(
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )X|0〉 + sin(θ )X|1〉)(cos(θ )|0〉 + sin(θ )|1〉)
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+
(
cos(θ + π/2)X|0〉 + sin(θ + π/2)X|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|1〉 + sin(θ )|0〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
cos(θ + π/2)|1〉 + sin(θ + π/2)|0〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|1〉 + sin(θ )|0〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
– sin(θ )|1〉 + cos(θ )|0〉)(– sin(θ )|0〉 + cos(θ )|1〉))/

√
2

=
(
cos(θ )2|10〉 + sin(θ ) cos(θ )|00〉 + cos(θ ) sin(θ )|11〉 + sin(θ )2|01〉
+ sin(θ )2|10〉 – sin(θ ) cos(θ )|00〉 – cos(θ ) sin(θ )|11〉 + cos(θ )2|01〉)/

√
2

=
(|01〉 + |10〉)/

√
2. (B.6)

Now, considering Z =
[ 1 0

0 –1

]
, where Z|0〉 = |0〉, and Z|1〉 = –|1〉, results,

|β10〉 = (Z + I2×2)|β00〉
=

(
Z
∣
∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 + Z

∣
∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
(
Z
(
cos(θ )|0〉 + sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+ Z
(
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )Z|0〉 + sin(θ )Z|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
cos(θ + π/2)Z|0〉 + sin(θ + π/2)Z|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|0〉 – sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
cos(θ + π/2)|0〉 – sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|0〉 – sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
– sin(θ )|0〉 – cos(θ )|1〉)(– sin(θ )|0〉 + cos(θ )|1〉))/

√
2

=
(
cos(θ )2|00〉 – sin(θ ) cos(θ )|10〉 + cos(θ ) sin(θ )|01〉 – sin(θ )2|11〉
+ sin(θ )2|00〉 + sin(θ ) cos(θ )|10〉 – cos(θ ) sin(θ )|01〉 – cos(θ )2|11〉)/

√
2

=
(|00〉 – |11〉)/

√
2. (B.7)

While,

|β11〉 = (ZX + I2×2)|β00〉
=

(
ZX

∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 + ZX
∣∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
(
ZX

(
cos(θ )|0〉 + sin(θ )|1〉)(cos(θ )|0〉 + sin(θ )|1〉)
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+ ZX
(
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )ZX|0〉 + sin(θ )ZX|1〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
cos(θ + π/2)ZX|0〉 + sin(θ + π/2)ZX|1〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

– cos(θ )|1〉 + sin(θ )|0〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
– cos(θ + π/2)|1〉 + sin(θ + π/2)|0〉)

× (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=
((

– cos(θ )|1〉 + sin(θ )|0〉)(cos(θ )|0〉 + sin(θ )|1〉)

+
(
sin(θ )|1〉 + cos(θ )|0〉)(– sin(θ )|0〉 + cos(θ )|1〉))/

√
2

=
(
– cos(θ )2|10〉 + sin(θ ) cos(θ )|00〉 – cos(θ ) sin(θ )|11〉 + sin(θ )2|01〉
– sin(θ )2|10〉 – sin(θ ) cos(θ )|00〉 + cos(θ ) sin(θ )|11〉 + cos(θ )2|01〉)/

√
2

=
(|01〉 – |10〉)/

√
2. (B.8)

2. Entanglement in the z-y plane of Fig. A1(b), where φ = π/2, and θ can vary freely:
Then the model of qubit results,

|ψ(θ ,π/2)〉 = cos(θ )|0〉 + i sin(θ )|1〉, and (B.9a)

|ψ(θ ,π/2)〉 = cos(θ )|0〉 – i sin(θ )|1〉, (B.9b)

where i =
√

–1. Then, in terms of this model of qubit the four Bell states arise:

|β00〉 =
(∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 +

∣∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/
√

2

=
((

cos(θ )|0〉 – i sin(θ )|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
cos(θ + π/2)|0〉 – i sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|0〉 – i sin(θ )|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
– sin(θ )|0〉 – i cos(θ )|1〉)(– sin(θ )|0〉 + i cos(θ )|1〉))/

√
2

=
(
cos(θ )2|00〉 – i sin(θ ) cos(θ )|10〉 + i cos(θ ) sin(θ )|01〉 + sin(θ )2|11〉

+ sin(θ )2|00〉 + i sin(θ ) cos(θ )|10〉 – i cos(θ ) sin(θ )|01〉 + cos(θ )2|11〉)/
√

2

=
(|00〉 + |11〉)/

√
2, (B.10)

|β01〉 = (X + I2×2)|β00〉
=

(
X

∣
∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 + X

∣
∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
(
X

(
cos(θ )|0〉 – i sin(θ )|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+ X
(
cos(θ + π/2)|0〉 – i sin(θ + π/2)|1〉)



Mastriani EPJ Quantum Technology           (2023) 10:14 Page 23 of 31

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )X|0〉 – i sin(θ )X|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
cos(θ + π/2)X|0〉 – i sin(θ + π/2)X|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|1〉 – i sin(θ )|0〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
cos(θ + π/2)|1〉 – i sin(θ + π/2)|0〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|1〉 – i sin(θ )|0〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
– sin(θ )|1〉 – i cos(θ )|0〉)(– sin(θ )|0〉 + i cos(θ )|1〉))/

√
2

=
(
cos(θ )2|10〉 – i sin(θ ) cos(θ )|00〉 + i cos(θ ) sin(θ )|11〉 + sin(θ )2|01〉

+ sin(θ )2|10〉 + i sin(θ ) cos(θ )|00〉 – i cos(θ ) sin(θ )|11〉 + cos(θ )2|01〉)/
√

2

=
(|01〉 + |10〉)/

√
2, (B.11)

|β10〉 = (Z + I2×2)|β00〉
=

(
Z
∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 + Z

∣∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/
√

2

=
(
Z
(
cos(θ )|0〉 – i sin(θ )|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+ Z
(
cos(θ + π/2)|0〉 – i sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )Z|0〉 – i sin(θ )Z|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
cos(θ + π/2)Z|0〉 – i sin(θ + π/2)Z|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|0〉 + i sin(θ )|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

cos(θ )|0〉 + i sin(θ )|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
– sin(θ )|0〉 + i cos(θ )|1〉)(– sin(θ )|0〉 + i cos(θ )|1〉))/

√
2

=
(
cos(θ )2|00〉 + i sin(θ ) cos(θ )|10〉 + i cos(θ ) sin(θ )|01〉 – sin(θ )2|11〉

+ sin(θ )2|00〉 – i sin(θ ) cos(θ )|10〉 – i cos(θ ) sin(θ )|01〉 – cos(θ )2∣∣11〉)/
√

2

=
(|00〉 – |11〉)/

√
2, (B.12)

|β11〉 = (ZX + I2×2)|β00〉
=

(
ZX

∣
∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 + ZX

∣
∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
(
ZX

(
cos(θ )|0〉 – i sin(θ )|1〉)(cos(θ )

∣∣0〉 + i sin(θ )|1〉)

+ ZX
(
cos(θ + π/2)|0〉 – i sin(θ + π/2)|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2
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=
((

cos(θ )ZX|0〉 – i sin(θ )ZX|1〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
cos(θ + π/2)ZX|0〉 – i sin(θ + π/2)ZX|1〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

– cos(θ )|1〉 – i sin(θ )|0〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
– cos(θ + π/2)|1〉 – i sin(θ + π/2)|0〉)

× (
cos(θ + π/2)|0〉 + i sin(θ + π/2)|1〉))/

√
2

=
((

– cos(θ )|1〉 – i sin(θ )|0〉)(cos(θ )|0〉 + i sin(θ )|1〉)

+
(
sin(θ )|1〉 – i cos(θ )|0〉)(– sin(θ )|0〉 + i cos(θ )|1〉))/

√
2

=
(
– cos(θ )2|10〉 – i sin(θ ) cos(θ )|00〉 – i cos(θ ) sin(θ )|11〉 + sin(θ )2∣∣01〉

– sin(θ )2|10〉 + i sin(θ ) cos(θ )|00〉 + i cos(θ ) sin(θ )|11〉 + cos(θ )2|01〉)/
√

2

=
(|01〉 – |10〉)/

√
2. (B.13)

3. Entanglement in the x-y plane of Fig. A1(b), where θ = 0◦, and φ can vary freely:
Then the model of qubit results,

|ψ(0◦,φ)〉 = cos(0◦)|0〉 + eiφ sin(0◦)|1〉 = |0〉. (B.14)

Thus, we arrive at the four Bell states [45] of entanglement in the most direct way,

|β00〉 =
(|00〉 + |11〉)/

√
2, (B.15)

|β01〉 =
(
X|00〉 + X|11〉)/

√
2

=
(|X00〉 + |X11〉)/

√
2

=
(|10〉 + |01〉)/

√
2

=
(|01〉 + |10〉)/

√
2, (B.16)

|β10〉 =
(
Z|00〉 + Z|11〉)/

√
2

=
(|Z00〉 + |Z11〉)/

√
2

=
(|00〉 – |11〉)/

√
2, (B.17)

|β11〉 =
(
ZX|00〉 + ZX|11〉)/

√
2

=
(|ZX00〉 + |ZX11〉)/

√
2

=
(|Z10〉 + |Z01〉)/

√
2

=
(
–|10〉 + |01〉)/

√
2

=
(|01〉 – |10〉)/

√
2. (B.18)

Appendix C: Ambiguous and complete quantum teleportation protocol
According to the timeline of Fig. 1, it is possible to move from left to right in that figure
until the ambiguity manifests itself. Then, we will now calculate the wave function at each
instant:
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• At t0, we have:

|ψ(t0)〉 = |ψ〉|β00〉
=

(
α|0〉 + β|1〉)(|00〉 + |11〉)/

√
2

=
(
α|000〉 + β|100〉 + α|011〉 + β|111〉)/

√
2. (C.1)

• Before t1, a CNOT gate in applied between qubits q[0] and q[1], then:

|ψ(t1)〉 = (CNOT ⊗ I2×2)|ψ(t0)〉

=

⎛

⎜
⎜⎜
⎝

⎡

⎢
⎢⎢
⎣

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎤

⎥
⎥⎥
⎦

⊗
[

1 0
0 1

]
⎞

⎟
⎟⎟
⎠

(
α|000〉 + β|100〉 + α|011〉 + β|111〉)/

√
2

=

⎛

⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎜⎜⎜
⎜⎜
⎝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0

⎞

⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎟⎟⎟
⎟⎟
⎠

⎡

⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢⎢
⎢⎢
⎣

α/
√

2
0
0

α/
√

2
β/

√
2

0
0

β/
√

2

⎤

⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥⎥
⎥⎥
⎦

=

⎡

⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢⎢⎢
⎢⎢
⎣

α/
√

2
0
0

α/
√

2
0

β/
√

2
β/

√
2

0

⎤

⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥⎥⎥
⎥⎥
⎦

=
(
α|000〉 + β|101〉 + α|011〉 + β|110〉)/

√
2, (C.2)

where ⊗ means Kronecker’s product [45], which is generally omitted from the equations
so as not to complicate the notation.

• Before t2, a Hadamard (H) gate is applied to qubit q[0]:

|ψ(t2)〉 = (H ⊗ I4×4)|ψ(t1)〉

=

⎛

⎜⎜
⎜
⎝

[
1/

√
2 1/

√
2

1/
√

2 –1/
√

2

]

⊗

⎡

⎢⎢
⎢
⎣

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤

⎥⎥
⎥
⎦

⎞

⎟⎟
⎟
⎠

× (
α|000〉 + β|101〉 + α|011〉 + β|110〉)/

√
2

=

⎡

⎢
⎢⎢
⎢⎢
⎢⎢⎢
⎢⎢
⎢⎢
⎢
⎣

1/
√

2 0 0 0 1/
√

2 0 0 0
0 1/

√
2 0 0 0 1/

√
2 0 0

0 0 1/
√

2 0 0 0 1/
√

2 0
0 0 0 1/

√
2 0 0 0 1/

√
2

1/
√

2 0 0 0 –1/
√

2 0 0 0
0 1/

√
2 0 0 0 –1/

√
2 0 0

0 0 1/
√

2 0 0 0 –1/
√

2 0
0 0 0 1/

√
2 0 0 0 –1/

√
2

⎤

⎥
⎥⎥
⎥⎥
⎥⎥⎥
⎥⎥
⎥⎥
⎥
⎦
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×

⎡

⎢
⎢⎢
⎢⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢
⎣

α/
√

2
0
0

α/
√

2
0

β/
√

2
β/

√
2

0

⎤

⎥
⎥⎥
⎥⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥
⎦

=

⎡

⎢
⎢⎢
⎢⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢
⎣

α/2
β/2
β/2
α/2
α/2

–β/2
–β/2
α/2

⎤

⎥
⎥⎥
⎥⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥
⎦

=
(
α|000〉 + β|001〉 + β|010〉 + α|011〉 + α|100〉 – β|101〉
– β|110〉 + α|111〉)/2

=
(|00〉(α|0〉 + β|1〉) + |01〉(α|1〉 + β|0〉) + |10〉(α|0〉 – β|1〉)

+ |11〉(α|1〉 – β|0〉))/2

=
(|00〉X0Z0(α|0〉 + β|1〉) + |01〉X1Z0(α|0〉 + β|1〉)

+ |10〉X0Z1(α|0〉 + β|1〉) + |11〉X1Z1(α|0〉 + β|1〉))/2

=
(|00〉X0Z0|ψ〉 + |01〉X1Z0|ψ〉 + |10〉X0Z1|ψ〉 + |11〉X1Z1|ψ〉)/2

≡ (|β00〉X0Z0|ψ〉 + |β01〉X1Z0|ψ〉 + |β10〉X0Z1|ψ〉 + |β11〉X1Z1|ψ〉)/2, (C.3)

where X, and Z are the Pauli’s matrices known as inverter and phase gates, respectively
[45], and that were defined in Appendix B.

Appendix D: Non-ambiguous and simplified quantum teleportation protocol
According to the timeline of Fig. 2, we have:

• At t0, and considering Equations (8), (9), (B.4a), and (B.4b), yields,

|ψ(t0)〉 = |β00〉
=

(∣∣ψ(θ , 0◦)〉∣∣ψ(θ , 0◦)〉 +
∣∣ψ(θ + π/2, 0◦)〉∣∣ψ(θ + π/2, 0◦)〉)/

√
2

=
((

cos(θ )|0〉 + sin(θ )|1〉) ⊗ (
cos(θ )|0〉 + sin(θ )|1〉)

+
(
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉)

⊗ (
cos(θ + π/2)|0〉 + sin(θ + π/2)|1〉))/

√
2

=

([
cos(θ )
sin(θ )

]

⊗
[

cos(θ )
sin(θ )

]

+

[
cos(θ + π/2)
sin(θ + π/2)

]

⊗
[

cos(θ + π/2)
sin(θ + π/2)

])

/
√

2

=

([
cos(θ )
sin(θ )

]

⊗
[

cos(θ )
sin(θ )

]

+

[
– sin(θ )
cos(θ )

]

⊗
[

– sin(θ )
cos(θ )

])

/
√

2

=
1√
2

⎡

⎢
⎢⎢
⎣

cos(θ )2 + sin(θ )2

cos(θ ) sin(θ ) – sin(θ ) cos(θ )
sin(θ ) cos(θ ) – cos(θ ) sin(θ )

sin(θ )2 + cos(θ )2

⎤

⎥
⎥⎥
⎦
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=
1√
2

⎡

⎢⎢⎢
⎣

1
0
0
1

⎤

⎥⎥⎥
⎦

=
(|00〉 + |11〉)/

√
2, (D.1)

which verifies the internal constitution of |β00〉 as a function of the selected qubit model
of Equation (8). On the other hand, the θ angle of Fig. 2 is not a qubit, but a classical input
acting on a rotatable polarizer P(θ ) in the form of a voltage proportional to the chosen
angle. Furthermore, the rotatable polarizer can be implemented directly [41],

P(θ ) =

[
cos(θ )2 cos(θ ) sin(θ )

sin(θ ) cos(θ ) sin(θ )2

]

, (D.2)

or through the following configuration based on two electro-optical-modulators (EOMs)
[42],

P(θ ) = R(θ )P(0◦)R(θ )T

=

[
cos(θ ) – sin(θ )
sin(θ ) cos(θ )

][
1 0
0 0

][
cos(θ ) sin(θ )

– sin(θ ) cos(θ )

]

=

[
cos(θ ) – sin(θ )
sin(θ ) cos(θ )

][
cos(θ ) sin(θ )

0 0

]

=

[
cos(θ )2 cos(θ ) sin(θ )

sin(θ ) cos(θ ) sin(θ )2

]

, (D.3)

where (•)T means transpose of (•), each R(θ ) is implemented with an EOM(θ ), and P(0◦)
is a completely fixed horizontal polarizer. It is also possible to implement the rotatable
polarizer by means of two half-wave plates (HWP), but for an angle equal to half θ ,

P(θ ) = R(θ )P(0◦)R(θ )T

=

[
cos(2θ ) sin(2θ )
sin(2θ ) – cos(2θ )

][
1 0
0 0

][
cos(2θ ) sin(2θ )
sin(2θ ) – cos(2θ )

]

=

[
cos(2θ ) sin(2θ )
sin(2θ ) – cos(2θ )

][
cos(2θ ) sin(2θ )

0 0

]

=

[
cos(2θ )2 cos(2θ ) sin(2θ )

sin(2θ ) cos(2θ ) sin(2θ )2

]

. (D.4)

The difference between θ and 2θ between Equations (D.3) and (D.4) is due to the fact
that in the case of the HWPs we achieve the same rotation as with half the angle considered
in the EOMs. Otherwise, both possible implementations of the rotatable polarizer, i.e., via
EOM, Equation (D.3), or via HWP, Equation (D.4), are equally effective; We only have to
take into account the context in which the rotatable polarizer will be used, that is, for
laboratory experiments, or quantum communications. If the case is the latter, two critical
aspects must be considered:
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1. the speed of switching between angles, and
2. the delay generated by the EOM-Ph+EOM and HWP+Ph+HWP blocks.

For these two reasons, i.e., lower speed of switching between angles and delay, we have
decided to carry out the implementations of Sect. 3 using the EOM-Ph+EOM block.

Therefore, taking into account Equations (D.2) and (D.3), we continue with the timeline
of Fig. 2, in such a way that:

• At t1:

|ψ(t1)〉 =
(
P(θ ) ⊗ I2×2

)|β00〉

=

([
cos(θ )2 cos(θ ) sin(θ )

sin(θ ) cos(θ ) sin(θ )2

]

⊗
[

1 0
0 1

])
1√
2

⎡

⎢⎢
⎢
⎣

1
0
0
1

⎤

⎥⎥
⎥
⎦

=

⎡

⎢⎢
⎢
⎣

cos(θ )2 0 cos(θ ) sin(θ ) 0
0 cos(θ )2 0 cos(θ ) sin(θ )

sin(θ ) cos(θ ) 0 sin(θ )2 0
0 sin(θ ) cos(θ ) 0 sin(θ )2

⎤

⎥⎥
⎥
⎦

1√
2

⎡

⎢⎢
⎢
⎣

1
0
0
1

⎤

⎥⎥
⎥
⎦

=
1√
2

⎡

⎢⎢
⎢
⎣

cos(θ )2

cos(θ ) sin(θ )
sin(θ ) cos(θ )

sin(θ )2

⎤

⎥⎥
⎥
⎦

=
1√
2

[
cos(θ )
sin(θ )

]

⊗
[

cos(θ )
sin(θ )

]

=
(cos(θ )|0〉 + sin(θ )|1〉) ⊗ (cos(θ )|0〉 + sin(θ )|1〉)√

2

=
|ψ(θ )〉 ⊗ |ψ(θ )〉√

2
. (D.5)

Appendix E: Difference between a cloning machine and an induction,
projection, and collapse (IPC) machine

Figure E1 shows the difference between a cloning machine (CloM) and an induction, pro-
jection, and collapse machine (IPCM). In the first case, we have |ψ(θ ,φ)〉 ⊗ |ψ(θ ,φ)〉 =
CloM(|ψ(θ ,φ)〉), see Fig. E1(a), that is, enter a state |ψ(θ ,φ)〉 and an ancilla |0〉 is incorpo-
rated internally, which is not shown in the figure. The machine tries to clone the incoming
state in such a way as to obtain two states identical to the incoming one at its output. This
machine is impossible to implement, and this impossibility is demonstrated in the No-
Cloning Theorem [47]. In the second case, we have |ψ(θ ,φ)〉 ⊗ |ψ(θ ,φ)〉 = IPCM(θ ,φ),
see Fig. E1(b), such that given an angle θ as a variable independent and another φ angle as
a parameter (ceteris paribus), the machine generates an entangled pair from the θ angle
according to the qubit model of Equation (8) and the resulting base of Equation (9). This is
an induction of a Bell basis from a qubit model dependent on the incoming θ angle to one
of the machine qubits. The action of a polarizer at a θ angle on that qubit acts as a weak
measurement, which projects the state selected by the polarizer to the second qubit. This
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Figure E1 Difference between (a) a cloning machine (CloM), and (b) an induction, projection, and collapse
machine (IPCM). In the first case (CloM), there is a clone of the incoming state |ψ (θ ,φ)〉, while in the second
case (IPCM) the fixed angle θ (since φ is a parameter, ceteris paribus) in the rotatable polarizer collapses the
wavefunction into two identical outcomes |ψ (θ ,φ)〉

constitutes a collapse of the shared wavefunction to one of two possible outcomes resulting
from such a collapse, that is to say, |ψ(θ ,φ)〉⊗|ψ(θ ,φ)〉, or |ψ(θ +π/2,φ)〉⊗|ψ(θ +π/2,φ)〉,
in particular to that of angle θ , that is, those selected by the rotatable polarizer, as we can
see in Fig. 2.

In other words, the IPC machine is not a cloning machine, in a broad sense of the word,
since an arbitrary state |ψ(θ ,φ)〉 to be cloned does not enter explicitly the machine, but an
arbitrary angle θ with another angle φ as parameter. If the θ angle is known, obviously it
is not arbitrary and according to the qubit model of Equation (8), we obtain two identical
states at the output of the machine as a function of that angle (based on the mentioned
model), that is, it is an indirect clone. Furthermore, if the θ angle is unknown to us, and
according to the same qubit model, we will obtain the same result. Therefore, assuming the
existence of an underlying state to be cloned, which is indirectly represented by a couple
of angles, we can say that the configuration in Fig. E1(b) is an implicit clone machine (in-
situ), while the one in Fig. E1(a) is an explicit cloning machine (ex-situ), which we know
to be physically unfeasible [47].

Finally, and as another outstanding difference between both machines, CloM does not
necessarily imply the intervention of the entanglement, while IPCM involves it as a sine
qua non condition.
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