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Abstract

A theoretical scheme is proposed to generate significant amount of photon-phonon
entanglement and asymmetric steering in a cavity magnomechanical system, which
is constituted by trapping a yttrium iron garnet sphere in a microwave cavity. By
applying a blue-detuned microwave driving field, we obtain an effective Hamiltonian
where the magnon mode acting as an engineered resevoir cools the Bogoliubov
modes of microwave cavity mode and mechanical mode via a beam-splitter-like
interaction. By this means, the microwave cavity mode and mechanical mode can be
driven to a two-mode squeezed state in the stationary limit. Particularly, strong
two-way and one-way photon-phonon asymmetric quantum steering can be
obtained with even equal dissipation. It is widely divergent with the conventional
proposal, where additional unbalanced losses or noises should be imposed on the
two subsystems. Our finding may be significant to expand our understanding of the
essential physics of asymmetric steering and extend the potential application of the
cavity spintronics to device-independent quantum key distribution.

1 Introduction

Hybridizing distinct physical systems possessing complementary charateristics is crucial
for practical quantum information applications. In the past several years, hybrid quan-
tum system based on magnonics has aroused much concern and gradually developed as
a promising quantum information processing platform [1]. The magnon which generated
by collective spin excitations in ferromagnetic crystals, can coherently interact with opti-
cal or microwave photons, as well as phonons through magneto-optical [2—9], magnetic
dipole [10-14], and magnetostrictive interactions [15, 16] respectively. Besides, coherent
effective coupling of the magnon and superconducting qubit in the cavity can be real-
ized via the coupling of them to the same cavity modes [17] or the virtual photon exci-
tation [14, 18, 19]. The successful development of the system has attracted considerable
interest into this field. A variety of novel phenomena have been investigated, for instance,
magnon gradient memory [20], level attraction [21-24], exceptional points [25-27], ma-
nipulation of Distant Spin Currents [28], bistability [29], nonreciprocity [30], magnon
laser [31], etc.

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1140/epjqt/s40507-023-00177-y
https://crossmark.crossref.org/dialog/?doi=10.1140/epjqt/s40507-023-00177-y&domain=pdf
mailto:cgliao@zjgsu.edu.cn
http://creativecommons.org/licenses/by/4.0/

Zheng et al. EPJ Quantum Technology (2023) 10:19 Page 2 of 12

Another attraction of cavity magnomechanical system is that it enables the exhibition of
macroscopic quantum effects from the fundamental perspective. Therefore, a wide range
of interests have been engaged to the generation of different types of macroscopic non-
classical states, including genuine tripartite [16] or bipartite entanglement between sub-
systems [32—42], squeezing of magnon and phonon [43, 44], magnon Fock states [45],
among others. Recently, the proposal of optomagnonic Bell test [46] and entanglement
between two orthogonally polarized optical modes [47] are also presented. Apart from
the studies mentioned above, substantial attention has been attracted to the generation of
quantum steering [48—52], which is essentially different from entanglement or Bell non-
locality for its asymmetric characteristics between the parties involved.

Here, inspired by the approach in Ref. [16], which has opened new perspectives for the
realization of quantum interfaces among microwave, magnonic, and mechanical systems
serving for the quantum information processing, we propose an effective approach for
generating significant amount of photon-phonon entanglement and asymmetric steer-
ing in a cavity magnomechanical system which consists of a microwave cavity mode,
macroscopic magnon and phonon modes. Light-mechanical [53-55] and mechanical-
mechanical [56—58] quantum steering have been widely studied in cavity optomechani-
cal systems, suggesting that one-way photon-phonon or phonon-phonon quantum steer-
ing can be achieved in such systems [55, 57, 58]. Primary researches also indicate that
asymmetric steering between two magnons [48, 50] can be obtained in cavity magnonics.
In particular, Tan etal. [51] proposed a deterministic scheme to generate long-distance
hybrid entanglement and steering between a macroscopic mechanical oscillator and a
magnon mode across about 10 GHz of frequency difference in a microwave-mediated
magnomechanical interface. The strong stationary phonon-magnon entanglement and
steering achieved are far beyond the sideband-resolved regime in the electromechanical
subsystem. Nevertheless, whether asymmetric steering can be directly obtained in cav-
ity magnomechanical system is still almost in blank. Recently, it is shown that one-way
magnon-phonon steering can be remarkably enhanced by introducing a gain cavity mode
in PT-symmetry system [49]. The studies pioneer a new way to seek the characteristics
of asymmetric steering in magnomechanical interface. Unlike the proposal of Ref. [49],
which concerned mainly about the enhancement of magnon-phonon asymmetric steer-
ing in PT-symmetry system, we show that significant amount of photon-phonon entan-
glement and asymmetric steering can be directly obtained in a cavity magnomechanical
system. By applying a blue-detuned microwave driving field, we obtain a beam-splitter-
like interaction Hamiltonian where the magnon mode acting as an engineered resevoir
cools the Bogoliubov modes of microwave cavity mode and mechanical mode. By this
means, the microwave cavity mode and mechanical mode can be driven to a two-mode
squeezed state in the stationary limit. Particularly, strong two-way and one-way photon-
phonon asymmetric quantum steering can be obtained with even equal dissipation. It is
widely divergent with the conventional proposal, where additional unbalanced losses or
noises should be imposed on the two subsystems. Our finding may be significant to expand
our understanding of the essential physics of asymmetric steering as well as to extend the
potential application of the cavity spintronics to quantum key distribution that are device-

independent.
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2 The model and dynamics

The cavity magnomechanical system is constituted by trapping a highly polished single-
crystal yttrium iron garnet (YIG) sphere in a microwave cavity. The coupling between the
microwave cavity mode a and magnon m (i.e., the quanta of collective motion of a large
number of spins in YIG sphere) is mediated by the magnetic dipole interaction. The YIG
sphere is also an excellent mechanical resonator b, which couple to magnons via magne-
tostrictive interaction. Therefore, a radiation pressure-like Hamiltonian similar to cavity
optomechanical system can be used to describe the system [16],

H=wa'a+w,mm+w,b’b +g(a + aT) (m + m"') + nm'rm(b + b*)

+iE@) (e m’ — @' m), (1)

where A = 1 is used. The parameter wj is the resonance frequency of the bosonnics mode
j (7 = a,b, and m), g and n respectively denotes the magnetic dipole interaction and mag-
netostrictive interaction strength. The last term of the Hamiltonian represents the driv-
ing term of the magnon mode with the time-dependent amplitude E(¢) and frequency w,.
A wide range of the magnon frequency w,, = Y Hp can be adjusted by altering the strength
of the external bias magnetic field Hp with respect to the gyromagnetic ratio Y. The mag-
netic dipole interaction g oc +/N with N being the number of spins. Strong cavity-magnon
coupling can be realized in recent experiments while the magnetostrictive interaction
strength 7 is typically weak. Nevertheless, we can effectively enhance the magnetostrictive
interaction by strong driving. The magnetic dipole interaction term g(a +a")(m + m") can
be rewritten as g(am' + a’m) by adopting the rotating-wave approximation. Then, moving
into a rotating frame with respect to w,(m'm + a'a), we obtain

Hp=Aza'a+ A,mim+awpb™b+ g(am"' + a"'m) + nm'i'm(b + bT)

+ iE(t)(mT -m), (2)

with A, =w, —wgz and A,, = w,, — wg.

In noisy environments, the coupling between the system and environment introduces
damping channel into the system, which inevitably allows environmental noise to perturb
the system. In this case, the system dynamics is described by the Heisenberg—Langevin
equations (HLEs) [59]:

a=—(Ka/2 +iAg)a—igm + Jkaa™(t), (3a)
b=—(yI2+iwy)b - inm m + Jyb™(¢), (3b)
==K /2 + i) m — iga — inm(b + bT) + E(t) + /Kpm™(t). (3¢)

Here, «,, ¥, and «,, stand for the dissipation rates of the cavity mode, the phonon mode,
and the magnon mode, respectively. a™™(¢), b™(¢), and m™(¢) are input noise operators of
photon, phonon, and magnon modes, which obeying the auto-correlation functions:

(@™ (®)a™ (¢))=5(t-1t), (4a)

(@™ (a" ()} = 0, (4b)
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(B @Ob™ (') = (7 + 18 (¢ - ), (4c)
™6™ () = mps (t - 1), (4d)
(m™(Om™ (¢'))=58(¢ - ), (4e)
(m™ (ym™(¢)) =0, (4f)

with 71, = (exp(hwp/(kgT)) — 1)~! being the mean thermal phonon number at the environ-
mental temperature 7. Here, a Markovian approximation has been made and the system
is at lower temperature that the mean thermal photon and magnon number are almost
negligible.

The standard linearization technique [60] can be adopted in the presence of strong driv-
ing field. Since large amplitudes of the cavity and magnon modes are guaranteed due to the
beamsplitter interaction between the cavity and the magnon mode, by substituting each
system operators o (0 = a,m, and b) with the sum of classical steady-state mean values

(o(t)) and its surrounding quantum fluctuations 8o, Eq. (2) is linearized as

H™ = Ay8a"8a + A,udm' Sm + w,8b'8b + g(8asm’ + 8a’$m)

+(G@®)*8m + G(t)5m") (5b + 8b), (5)

where the effective detuning Ay = Ay + n((B@)) + (b(£))*) ~ A,, and the effective cou-
pling G(¢) = n{(m(¢t)). Here, we have dropped the small term just as standard linearization
technique does.

After standard linearization techniques are applied to Eq. (3a)—(3c), we obtain the fol-

lowing differential equations for the classical steady-state mean values:

(a(t)) = —(ka/2 + iAa)<a(t)) - ig(m(t)), (6a)
(b(8)) = =y 12 + i) (b)) — i |[m (D)), (6b)
(mkt)) = —(km/2 + iAm)(m(t)> - ig(a(t)) - in(m(t))((b(t)) + (b(t))*) + E(t), (6¢)

and the linearized QLEs for the quantum fluctuation operators:

8a=—(ca/2 + iN,)8a — igdm + JKaa™(t), (7a)
8b=—(y/2 + iwy)8b — in((m(t)) sm + (m(©))sm") + /yb™ (), (7b)
8 = —(kp/2 + i) Sm — igda — in[((m)(8b + 8b%) + Sm((b(2)) + <b(t)>*)]

+ K™ (£). (7¢)

By applying the blue-detuned (w; = A,, + wp) and red-detuned (w; = A, - wp) two-tone

driving lasers

E(t) = ZE/e_i‘“/t, (8)

j=1,2
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the asymptotic solution (m(t)) in the long evolution limit can be expressed as

)~y

j=1,2

piwjt

K2+ (A F @) + 82 [Kal2 + i( Ay F )]

)

By performing the unitary transformation U(t) = exp[-it(A,8a'8a + A dmtsm +
w,8b'8b)], the asymptotic Hamiltonian of Eq. (5) in the interaction picture becomes

H* = g8asm'e " ®a=dm 4 G 5m'sbT + Gyom'sbe 2% + Gysm' 5bT vt

+ Gy8m'8b + h.c., (10)

with
G Kml2 + i(Ayy — 1) +ngEzl/[Ka/2 +i(Ag—awy)] (11a)
@ & (11b)

T o2+ (A + 2) + @1 [kal2 + (A + )]

If we set Aa = A,,, under the condition of weak coupling (i.e., G1, Gy K wp), Eq. (10) be-

comes
H = gsasm’ + G16m'8b" + Gyom b + h.c.. (12)

In the following, the cases of two-tone driving and blue-detuned driving only will be re-
spectively discussed. Introducing three annihilation operators of Bogoliubove-mode

B1 = S(r1)8bS™(ry) = bcoshry + 8b' sinhry, (13a)
B2 = S(r2)8aS (ry) = Sacoshry + b sinhry, (13b)
B3 = S(r))8bS™(ry) = bcoshry + 8a’ sinhry, (13¢)

where the squeezing operators S(r;) and squeezing parameters 7; are defined as

S(r1) = exp[r1(8b8b - 5b'8b7)], (14a)
S(rs) = exp[r2(8adb - 8a'8b")], (14b)
r1 = tanh (G, /G), (14c¢)
ry = tanh™ (G, /g). (14d)

The Hamiltonian of Eq. (12) is thus given by
Hfff =gdasm' + G18m' B + h.c., (15)
or

HET = Gy8bsm™ + Godm'™ By + hec., (16)
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with the effective coupling strengths

Gi1=,/G}-G3, (17a)
Gy =4/g* -Gl (17b)

Both Egs. (15) and (16) are Hamiltonian that consist of a group of beam-splitter-like inter-
action terms. It is well known that this type of Hamiltonian can be used for optomechan-
ical sideband cooling [61, 62]. For small dissipation rate of the phonon mode, the dissipa-
tions of the cavity mode and the magnon mode can be exploited to cool the Bogoliubove-
mode B, generating single-mode squeezed state of §b. In other words, the coupling be-
tween ém and B; induces the cooling process of 81, while the coupling between da and
dm is responsible for cooling the 671 mode. The cooling process of B, can be directly real-
ized via the interaction term between the magnon mode §m and the Bogoliubove-mode
B2 when Gy = 0. Therefore, under appropriate system parameters, it is possible to cool
the Bogoliubove-mode $; or 8, to near ground state. From Eq. (13a)—(13c), it was found
apparently that the ground state of f; is the single-mode squeezed state of 66 while the
ground state of 8, is two-mode squeezed state of da and §b. We note that the scheme to
generate single-mode squeezed state of §b has been proposed by applying a two-tone mi-
crowave fields in a cavity magnomehanical system [44]. The physical essence of the scheme
is to adopt the cascaded dissipative cooling process, which can also be used to generate
entanglement between two microwave fields [63]. Therefore, we will focus on the genera-
tion of entanglement and asymmetric quantum steering between the cavity mode §a and
mechanical mode §b by applying the blue-detuned microwave driving only. Our proposal
not only provide another way to comprehend the scheme in Ref. [44] but also expanded

its contents in the field of entanglement and asymmetric quantum steering.

3 Evolution equation of the covariance matrix
Introducing column vectors of dimensionless quadrature operators and their input noises

R= (q(impém qsb>Psbs q(Sm,me)T) (183)

N(8) = (Kaqin, N KaP gins NV Doins NV Ppins N KD pin» NI (18b)

which are related to bosonic modes o (o € {8a,8b, 8m,a™(t), b (t), m™(t)}) via g, = (0 +
0")/v/2 and p, = (0 — 07)/(ix/2), Eq. (7a)—(7c) is thus rewritten as

R=MR+N, (19)
with
K20 0 0 0 g
0 —ka/2 0 0 g 0
- 0 0 -y/2 0 Sfu+fu fin—fr
M=1 0 0 12 finfr fu—fu (20)
0 g fi—fiu  fir—fix  —Kml2 0
x4 0 ~fir—for  ~fu-fu 0 —Kl2
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where we have used the asymptotic approximation Hamiltonian of Eq. (10), and fjz and fjz
are independent the real parts and imaginary parts of f; defined by

fi(t) = Gy + Gre 2t (21a)
fz(t) = Gl + Gz@zm)bt. (21b)

When focus only on blue detuning laser driving, G, = 0 in all the terms.

Due to the linearized Hamiltonian of the system, an initial Gaussian state of the system
will remains Gaussian as it is stable [64]. To obtain the information-related properties of
a Gaussian state, we introduce the 6 x 6 covariance matrix (CM) o with entries defined
as [64—66]

Ojx =(RiRy + RiR;) /2. (22)

Here, R; represents the jth element of column vector R. It can be gained from Eqgs. (4a)—(4f),
(19), and (22) [67]

6 =Mo +oMT +D, (23)

where D is a diffusion matrix. The components of D is relevant to the noise correlation
functions in Eq. (4a)—(4f). Obviously,

Dd(t—1t) = (Nj(ONK (') + Ni (£ )N (2))/2. (24)
It can be actually proved that D is diagonal
D = diag[ka/2, kal2,kp(20p + 1)/2, k(20 + 1)/2, K/ 2, kn/2]. (25)

In the following, Eq. (23) will be utilized to numerically simulate the time evolution of
photon-phonon entanglement and asymmetric quantum steering.

For a Gaussian state of the two modes of interest, the logarithmic negativity Ey [68-70]
is used to gauge its level of entanglement. As for quantum steering, it is very convenient
to introduce a computable criterion based on the form of quantum coherent informa-
tion [71]. Both of the above measures can be calculated from the reduced CM oy(¢) for
the photon and phonon modes

ogr(t) = (UIT O'3> , (26)
O3 (o))
with each o; being a 2 x 2 subblock matrices of oz(£). The amount of entanglement is given
by
En =max[0,-1n(29)], (27)
with

9 =21z —[x?-45,]"}""

, (28)
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Figure 1 Maximum photon-phonon entanglement and asymmetric steering for each time period in the
asymptotic regime as functions of y and n,. The parameters in units of wy are chosen as: Az = A, = 1000,
Ka=002,km=03,g=0281n=2x10% G, =0.21,and G, =0

ny
y

S = N W A L 0 O

and
> EII +12—2[3, (29)

where I; = detoy, I, = detoy, I3 = detos, and I = det oy are symplectic invariants. The mea-

sure of steerability from photon to phonon can be expressed as

1 T
Gu = G*b(og) = max| 0, = ]n =1, (30)
a1, |

and the measure of steerability from phonon to photon can be computed by swapping the

corresponding item of photon and phonon, i.e.,

1. I
Gp = G"%(op) = max| 0, = ]n =2 (31)
al, |

Since both the measures of entanglement and quantum steering introduced can be cal-
culated by the symplectic invariants, it is convenient for both numerical simulation and

comparison between then.

4 The results and discussion

In order to demonstrate the feasibility of the proposal, we plot in Fig. 1 the peak val-
ues of photon-phonon entanglement and asymmetric steering for each time period in
the asymptotic regime as functions of mechanical dissipation rate y and mean thermal
phonon numbe 7;,. On the one hand, it can be found from Fig. 1 that the maximal values
of photon-phonon entanglement Ey and asymmetric steering G4 as well as Gg all de-
crease with the increase of #1,. The phenomenon is obvious and easy to understand. From
Eq. (13a)—(13c), we can find that the temperature of the Bogoliubov mode B, is related to
the temperature of the cavity mode §a and the mechanical mode §5. When the mechanical
dissipation rate y takes a fixed value, the interaction between the mechanical mode §b and
its thermal bath accordingly maintains a constant intensity, the increase of 7, (i.e., rais-
ing the temperature T of thermal bath) will raise the temperature of mechanical mode §5
as well as Bogoliubov-mode B,. Since both photon-phonon entanglement and asymmet-
ric steering are sensitive to the effective temperature of Bogoliubov-mode B,, the optimal
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values obtained are bound to decrease with the increase of #;,. However, the a — b steer-
ing G4 drops faster than photon-phonon entanglement Ey and the b — a steering G,
on account of the asymmetry of the system. As a consequence, the states that only have
one-way quantum steering can be obtained under properly parameters. Figure 1, on the
other hand, also displays that the maximal values of photon-phonon entanglement and
asymmetric steering are nonmonotonic functions of y and take a maximum for a specific
y. Peculiarly, entanglement and steering are more sensitive to y with the increase of 7.
The larger of y means stronger coupling of the mechanical mode §b and its thermal bath.
When the mean thermal phonon number 7, is not negligible, the enlarged y will quickly
raise the final effective temperature of Bogoliubov-mode B,. Therefore, entanglement and
steering drop quickly. When #; is small, although the coupling of the mechanical mode §b
and its thermal bath will be enhanced with increasing y, the increase in effective tempera-
ture of B, is not significant. Accordingly, entanglement and steering are less affected by the
variation of y. From the above analyses, it seems that the smaller of the dissipation rates
y of the phonon mode, the larger amount of entanglement and steering can be obtained.
However, the mechanical resonator under the condition of larger dissipation will have a
smaller steady-state mean phonon number, which is one of the conditions for acquisition
of the Hamiltonian of Eq. (12) (i.e., A,, = A, + n((b(t)) + (b(£))*) ~ A,,). Taking all of the
above into account, the maximal values of photon-phonon entanglement and asymmetric
steering are nonmonotonic functions of y and take a maximum for a specific y. The phys-
ical mechanism is somewhat similar to that of earlier study [58]. As have been previously
studied in Ref. [58], the modes dissipation as well as noises can affect the steerability from
one mechanical mode to another mechanical mode simultaneously. It is also shown that
the mechanical mode with smaller dissipation is more easy to be steered by the other one
when the temperature of thermal baths are not negligible. Within the parameters that we
are discussing about, «, is set to be 0.02. The a — b steering G4 will be greater than the
b — a steering G only if both the conditions of larger y and smaller 7, are satisfied (e.g.,
y =0.07 and 71, = 0), otherwise, Gg > G4. The results enriches the earlier studies [72-75],
where only the mode with larger dissipation rate can be steered by the other one. Besides,
similar to that of Ref. [50], significant amount of two-way and one-way photon-phonon
asymmetric steering can be obtained with even equal dissipation (e.g., k, = y = 0.02). Our
scheme is quite different from the conventional proposal, where additional unbalanced
losses or noises should be imposed on the two subsystems and irrevocably at the cost of
reducing steerability.

Finally, we give a brief discussion on the experimental feasibility of our scheme. In
the first experimental work of a coupled phonon-magnon system based on ferrimag-
netic spheres [15], the highly polished 250-mm-diameter YIG sphere is glued to a 125-
mm-diameter supporting silica fiber and placed near the maximum microwave mag-
netic field (along the y direction) of the cavity TEp;; mode. The experimental parame-
ters are chosen as: w;/2m = 11.42 MHz, w,/27 >~ w,,/2w = 7.86 GHz, n/27 < 9.9 mHz,
2y /2w = 300 Hz, 2«,/27 = 3.35 MHz, and 2«,,/27 = 1.12 MHz. On the one hand, a YIG
sphere with a smaller diameter is favorable for achieving larger coupling strengths, which
also results in a higher frequency for the phonon mode. On the other hand, the phonon
linewidth due to clamping loss is a function of the supporting fiber diameter. As a con-
sequence, relevant parameters can be adjusted within a certain range as required. In our
scheme, the coupling strengths are not the key points, we only require an atypical cav-
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ity magnomechanical system, where the dissipation rates of the phonon mode and the
magnon mode (especially the phonon mode) are larger than that of conventional cavity
magnomechanical system. They should be relatively easy to satisfy experimentally. Nev-
ertheless, the dissipation rate of the cavity mode that we used is relatively small, which
means that a high quality factor microwave cavity would be ideal. Except for these, all the
other parameters are chosen in terms of their achievability in current or future experi-
ments.

5 Conclusions

In summary, a theoretical scheme has been proposed to achieve significant amount of
steady-state photon-phonon entanglement and asymmetric steering in a cavity magnome-
chanical system. By applying a blue-detuned microwave driving field, we obtain an ef-
fective Hamiltonian where the magnon mode acting as an engineered resevoir cools the
Bogoliubov modes of microwave cavity mode and mechanical mode via a beam-splitter-
like interaction. By this means, the microwave cavity mode and mechanical mode can be
driven to a two-mode squeezed state with asymmetric steering in the stationary limit.
The numerical simulation results reveal that the maximal values of photon-phonon en-
tanglement and asymmetric steering all decrease with the increase of 7, but are non-
monotonic functions of y and take a maximum for a specific y. Peculiarly, entangle-
ment and steering are more sensitive to y with the increase of 7,. The underlying phys-
ical mechanism is analyzed in detail. Moreover, strong two-way and one-way photon-
phonon asymmetric steering can be obtained with even equal dissipation. It is quite
different from the conventional proposal, where additional unbalanced losses or noises
should be imposed on the two subsystems. Our results may be significant to expand
the understanding of the essential physics of asymmetric steering and extend the po-
tential application of the cavity spintronics to device-independent quantum key distri-

bution.
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