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Many body effects in the wetting layer (WL)-double quantum dot (DQD)-metal

Nasiriya, Iraq nanoparticle (MNP) structure have been studied by modeling the Coulomb scattering
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Science, University of Thi-Qar, An orthogonalized plane wave (OPW) is assumed between WL-QD transitions. The
Nasiriya, Iraq transition momenta are calculated accordingly to specify the normalized Rabi

frequency on this structure, considering the strong coupling between the
WL-DQD-MNP structures. This approach is important for realizing scattering rates,
including in-and-out capture and relaxation rates, which are essential for specifying
the type of structure used depending on the optimum value of the scattering time
required to fit the application. The QD hole capture rate is the highest, and the hole
capture times are the shortest. The relaxation times are less than the electron capture
times by one order, while they are half of the hole capture times. The capture rates
increase with increasing distance R between the DQDs and the MNP. High tunneling
increases hole-capture rates and changes the relaxation rates, showing the
importance of tunneling in controlling the scattering rates.
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1 Introduction

Quantum dot (QD) nanostructures are promising for future devices [1]. The develop-
ment of nano growth methods has made aligning QDs with metal nanoparticles (MNPs)
easy. As strong coupling in MNP-QD systems has been proven, controlling the dynam-
ics and parameters of MNP-QD systems has become desirable [2—4]. The MNP surface
plasmonic field and QD excitons interact via Coulomb interactions with energy transfer
[5]. The frequency-dependent absorption and scattering, i.e., near-field enhancement, are
detected in the strong coupling regime. This enables the spectroscopy of the enhanced sur-
face used in many applications, such as Raman spectroscopy and biochemical sensors [6].
He and Zho [5] studied the strong coupling in a double MNP-QD system via quantum elec-
trodynamics and canonical transformations. The importance of Fano resonance is deter-
mined. Triigler and Hohenester used quantum mechanics to describe surface-plasmon-
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polaritons and molecular dynamics and demonstrated strong coupling in an MNP-QD
hybrid system [2]. In the quasistatic regime, where the light wavelength is much larger
than the MNP size, and the MNP-QD distance, Hohenester and Triigler used the Green
function as an essential couple between classical Maxwell and quantum electrodynamics.
These methods separate the decay rate into radiative and nonradiative components [6].
Both [2] and [6] use the boundary element approach to calculate the decay rates. Refs.
[1, 5, 6] exploit the Drude model to describe the electrons in an MNP.

Many-body effects affect the optical properties of QD nanostructure devices. The sim-
ple rate equations cannot represent the essential dynamics in a nonequilibrium case [7].
The density matrix theory simulates QD, DQD, and MNP-DQD systems [8]. Such mod-
eling is adequate for describing the interaction between states well through the density
element p;, which cannot be calculated with rate equations. Modeling of QD and DQD
systems under many-body effects has been performed [9]. However, modeling the many-
body effect in MNP-QDs has not been achieved.

The QD nanostructure was grown conventionally on a wetting layer (WL) in Stranaska—
Krastanov growth mode (by molecular beam epitaxy). It is an ordinary quantum well
(QW) layer, a two-dimensional layer quantized in one dimension (1D). As shown in Fig. 1,
carrier transitions from WL to QDs are inevitable in the WL-QD structures. This is be-
cause the WL is a reservoir of carriers, and if there is an injection in the device (laser or
light emitting diode device), the injection occurs on the WL, and then the carriers can
reach the QD state. WL is only quantized in 1D, while QDs are quantized in total (3D).
Physically, the transitions occur only between the states of the same quantized numbers.
Therefore, transitions between the in-plane (two dimensions) WL and the QDs are im-
possible. The orthogonalized plane wave (OPW) approximation is required in the WL-QD
simulation to satisfy this reality. In OPW, the plane wavefunction of the WL is orthogonal-
ized on the QD state wavefunctions. Then, the transitions occur only between quantized
states of the same quantum numbers. This formulation is not easy to apply and is only used
in alimited number of works [8, 9]; simplified approximations are employed. Earlier works
[10, 11] used OPW and considered the QD wavefunction as a simple harmonic oscillator
and the quantum well (QW) WL an infinite structure that oversimplified the problem.
However, one must refer to their high work on putting the main points on modeling.

The InAs/GaAs DQD system was detected experimentally by Tarasov et al. [12]. The at-
tachment of QDs to MNPs via bimolecular centers was described in many articles [13, 14].
Zhang et al. clarified the alignment of MNPs to QDs via molecular beam epitaxy through
strain-driven nucleation [15]. Therefore, preparing such a hybrid structure was possible.

The WL-DQD-MNP structure was studied in our earlier works [8, 16] by applying the
OPW (which has not been involved before in QD-MNP works). However, the Coulomb
effect has never been discussed in these works or others dealing with WL-QD-MNPs in the
strong coupling case. Each work addresses QD-MNPs or semiconductor nanostructure-
MNPs; one can see the direct lines in their sketches, referred to as the Coulomb effect.
However, no one has studied this phenomenon, and the real problem of strong coupling
(in the case here, where MNP is nearest to QDs) has been approximated and not solved.

This work models the many-body effects in the WL-DQD-MNP structure considering
the OPW, which is inevitable in WL-QD transitions. In addition to this modeling, this
work has many perspectives. The effect of MNP was evaluated by normalization of the
Rabi frequency. The carrier occupation probability is computed through the density ma-
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QD;

MNP

Figure 1 Schematic diagram of the DQD and MNP hybrid system, where rg41 and r4, are the radii of DQD and
the radius ry, of MNP, respectively

trix theory by modeling the scattering rates. The literature uses experimental data from
materials different from those in the understudy or normalized values for energies and
momenta. In this work, the WL and QD energies are calculated and subsequently used
to estimate the momenta, which calculates the Rabi frequency. The capture rates increase
with increasing distance R between the DQDs and the MNP.

The paramount importance of such modeling is to specify the scattering (capture and
relaxation) rates. Therefore, one can determine if the scattering is strong (one of the results
here is increasing the scattering with MNP-DQD distance). For example, high scattering is
required for high-speed frequency modulation. Then, one can desire the structure neces-
sary depending on the needed application. A comparison with the results of other works
(with WL-QD structures) provides insight into the correctness of the results obtained

here.

2 DQD-MNP structure

The case of study here is the hybrid DQD-MNP structure with DQDs of two InAs QDs, a
quantum disk shape, each with r;; (= 13 nm) and r, (= 11 nm) radii and 44, (= 2 nm) and
hay (= 3 nm) heights, for QD1 and QD2, respectively. The MNP is a sphere with a radius
m (= 8 nm), the distance between the DQDs and the MNP is denoted by R (= 7 nm); see
Fig. 1. A Coulombic study assumes strong coupling; of course, R < r,, < 741 and rz must be
fulfilled [17] as strong coupling conditions. The dielectric constants & and &y are defined
as those of the QD and MNP, respectively. WL is the QW on which the QDs are grown.

3 Theoretical model
3.1 Wave function

The QD wavefunction is defined in cylindrical coordinates (p, ¢, z) as follows [9],

0ap(7) = 9a(p)ean(2)u(r) 1)
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The in-plane QD envelope function (pd(z) is defined by ]m(p;), the first kind of Bessel
function [9],

<Pd(;) = Cnm]m(p;) (2)
where C,,, is the normalization constant, and the constant p is defined by,

pe V2mi(E, - Vy) 3)
h

E, is the QD-energy state in the in-plane direction, and V; and »z}; are the potential
and the effective mass of the QD, respectively. V; is taken as zero inside the disk. The QD
is defined by the conduction CB (valence VB) band offset AE.(AE,). The QD envelope
function in the z-direction resembles that of the QW [9],

9qp(2) = Azop cos(k,z) (4)

where Azqp is the normalization constant of the QD function in the z-direction. u(?) is
the periodic part of the Bloch function in the QD crystal. The QW-WL wavefunction is
written as [18],

0u(7) = 02(0) P (2)u(7) (5)

where go,?(;) is the in-plane (;—direction) WL wavefunction and the superscript (°) dis-
tinguish it from the orthogonalized wavefunction. It is defined by [18],

0X(p) = Ay, explik,,.p) (6)

In the in-plane WL, Ky , is the wavevector, and 4,,, is the normalization constant. In the
z-direction [18],

(pw(z) = sz COS(kZWZ) (7)
A,, is the normalization constant, and &, is the WL wavevector in the z-direction.

3.2 Coulomb potential
According to [19], the Hamiltonian in the second quantization for carrier—carrier scatter-
ing is written for the DQD—WL—-MNP hybrid system (Fig. 2) as follows,

Hyg = Higw + He = Y _ gpajap + Vo(DQD — WL — MNP) (8)
b

The parts define the Hamiltonian Hy,;, as the kinetic contribution and H¢ as the
Coulomb interaction. The electron creation and annihilation operators are a, and a at
energy &, in the |x) state. The bare Coulomb potential of the DQD-WL-MNP Coulomb
interaction is,

1 .
Ve(DQD ~ WL~ MNP) = - > {Vigajajagan} + Vi ©)
bfgh
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ks = 1.457eV
kp = 1.143¢V |4 WL
k, = 0.961eV
QD2 QD1
113) 0.814eV
[03) 0.773eV
0.515¢V
[02) 050t 11 112) 515 MNP
[11) 0.344eV < >
[0) |o1) 0.275eV - >
Coulomb
12y ]21) —0.227eV
|22) —0.244¢eV
23) —0.276eV
13) 131) —0.372eV
[32) —0.385eV
133) —0.408eV

Ky, = —0.457eV

kZh = —0.481eV ||;> WL
Ky, = —0.521eV

Figure 2 Energy band diagram of the DQD-WL-MNP hybrid system. Note that ky, ky, k3 are three wave
vectors in the WL (in the z-direction), which are chosen depending on the WL energy states in the CB while
kin, kon, ksp are those in the VB

The MNP potential is V). Additionally, note that b, f, g, and / in the sum denote all
possible electron states. For the QD structure [19, 20],

2
€

Vifen = / / drdr' g (r)g; () () ou(r) (10)

dmepeqplr — 1’| Ye

¢, (r) is the wave function of the single particle. The permittivity of the vacuum and back-
ground are given by € and €gp, respectively, and —ej is the elementary electronic charge.
The wave functions are separated into an in-plane a-dimensional part and a z-dimensional
part. Then, under a Fourier transform, the bare Coulomb potential as a function of the 2D

wavevector g is [20]

Vo(lf1 —7al) = Y e @AV (G2 2) (11)
q
Under [14]
- 2 .
V(Gz-2) = 2= (12)
2€0q

In Eq. (10), the Coulomb potential, including the screening effect (through €yeqp), is de-
fined. Equations (11) and (12) define the bare Coulomb potential. To formulate the prob-
lem to the DQD — WL — MNP system under study, with disk shape QDs (in-plane 5, and
z-dimensions quantized) and 2D WL (z-dimension quantized only), the bare Coulomb
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potential is separated according to the 5, and z-dimensions dependence wave functions

as follows,

Viran = vaéasal(q)fsbblﬁbzha (eale ™ s €7 |og3) (13)

Ais the WL area, and the available carrier states are vv,v3v1, while the z-direction quan-
tum numbers are o, 09, 03, 01. The DQD states are referred to here by d, while k; (i = 1,2, 3)
refers to the wavevectors in the in-plane direction of the WL. In the 2D-momentum (g),
the Coulomb potential is given by [19]

Voo (@) = f / dzdze} (D)}, (£)e 0y, (2)¢0, (2) (14)

Considering the approximation [9, 21],

3 zz
lz—z|~z— —
z

%)

1174 “

~e1

Then, set q% = 4. The Coulomb potential in the z-direction is then written as,

Voo @) = 52 { [ / dzg? (e, (z)] [ / digr, (z)eqz%g(z)“ (15)

3.3 The screened Coulomb matrix element
The screening effect can be introduced through the 2D static limit of the dynamic Lind-
hard equation [9-11, 19, 22]. In the DQD-WL-MNP hybrid system, the screened Coulomb

matrix element is given by

Ve(DQD — WL — MNP)(4)
e(q)
Ve(DQD — WL — MNP)(§)

1+ko
kVVl

W(DQD — WL — MNP)(g) =

(16)

The 2D dielectric function €(q) is defined through the 2D inverse screening length ko,
given by [10],

2mpe? R wy
ko = 1- - 17
0 Z GQGQDﬁZ |: exp( kBTWlb ( )

b=e,h

The thermal energy is kg7, the effective mass and the frequency of the carrier are m,,
and wy, respectively.

3.4 DQD-MNP applied fields
To calculate Eq. (16), one needs to compute the MNP potential, as shown in Eq. (9). It is
estimated from the integration over the DQD-MNP distance R as

R
VM = —/ EMNp.dR (183)
0

Page 6 of 25
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According to Ref. [23], the DQD-MNP hybrid system has a total field inside the MNP,
as shown in Fig. 2, given by,

1 [EY s,p
Eynp = [ﬂ + Q§:| (18b)
Seﬂrm 2 S%R
The screening effect is considered for both MNP and DQD fields as [23],
(29 + ;)
/A — 18
Eefi-" 3 (18¢)

where ¢; is either g for the dielectric constant of the semiconductor DQD or ¢,, for the
MNP. The probe amplitude is EJ,, and the polarization in the DQD is Pgp (= ao(p20 +
P02))- Considering the probe field applied between QD states (v,v;), the potential of the
MNP reads,

(18d)

PP [Q R_sauwlpm]

Eoin | 2 26 R?

where u,,, and p,,, are the momentum and the density matrix elements, respectively,
between QD states v, v;.

The probe field between the states |0) <> |2) of the DQD-MNP system was applied. This
field is written as Eg, (t) = Enge‘iwozt + c.c. with a transition frequency wgp,. Considering the
MNP effect, the total QD field is [23],

B 115((,3) s SaPpnp
2 Eeffs é‘eﬁrsRB

Eqp (19)
The direction of the electric field is specified by S, where S, = 2 is the z-axis polarization
and S, = —1 is the parallel direction. The MNP-induced polarization is Pynp (= BEynp)-
B (= ya®) defined by [23],
_ em(w) — &9 (20)
em(w) + 2¢
Using the Pynp definition in Eq. (19) and then substituting into Eq. (18b), the total QD
field becomes,

_1Ey . 1Eg Siya® . SavPop a®

Eop = 21
D 2 ey 2 Eefis R3 8éﬂs RO 1)
The second and third terms in Eq. (21) define the normalized Rabi frequency [16],
Qb = Q5% - npao (22a)

where

S.ya’
1 0 a
o) - o (1+ 255 ) 22

Page 7 of 25
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and

SZ 2 3
p=alfa (22¢)
he RS
o1

The definitions in Eq. (22a)—(22c) are attained at strong coupling [16]. Note that the un-

(0)
normalized Rabi frequency of the probe field is Q(z%) = ’%fj"; [23]. The dielectric function
of the MNP is defined by [24],
em(w) = €a(W) + &5(w) (23a)

where &;(w) gives the electrons of the s-state contribution to the dielectric constant. It is
defined in the Drude model by [24]

W2

es(w)=1- L (23b)
W2+ iw(Ypuik + 31

where yp, is the damping constant of the metal bulk structure, v; is the Fermi energy
electron velocity, w, is the metal plasma frequency, A is related to the MNP electron scat-
tering, and e5(w) is the d-state contribution of electrons in the MNP and is defined for

the gold-plasma frequency w, = 2.5 (eV') by [24],
eq(w) = 1.15 +i10.5 (23¢)

Using the Drude model to describe electrons in the MNP is a common assumption with
a strong coupling regime. Such behavior results from the high electron concentration even
with MNP [25-28].

3.5 The processes in the DQD-WL-MNP system under the Coulomb effect
The QD-WL carrier scattering rates are listed in Ref. [11]. For the hybrid DQD-WL-MNP

system, shown in Fig. 2, the carrier scattering rate can be written as,

7T / /
_ 2 " b_ b b b
Shmd = —— Z [21Windkoksts I = Wikaioksis Wit akskor, J6 (62 = €2, + €8, — €4,)

ky,k2,k3,b"

< {(L=f (L=FfS = — 1-1)} (24)

In Eq. (24), the direct and exchange partners (the first and second terms in the square
brackets) determine the screened Coulomb matrix element. The spin degeneracy causes
a factor of 2 in the direct Coulomb process. This factor is discarded in the exchange
electron-hole process. Accordingly, seven possible scattering processes for the WL-QD-
MNP hybrid system are listed in Table 1 (the fifth process is an exchange process added
to processes 3 and 4). These processes are diagrammed in Fig. 3.

For the 1st scattering rate in Table 1 (Fig. 3), an electron is captured from the WL electron
|k1) to the |12) electron state in QD; with the assistance of the WL transition |ky) — |k3).
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Table 1 QD states where capture and relaxation processes can occur. Note that an assistant process
is associated with each process (capture or relaxation) as a four-carrier Coulomb process

No. Process Substate

1 Capture [k1) = [c12)
Assistant [k2) = [k3)

2 Capture [kin) = |vs2)
Assist [kon) — lksn)

3 Relaxation [co2) = |co1)
Assist [k2) = [k3)

4 Relaxation [k2) = |cor)
Assist [c1) = |ks)

5 Coulomb exchange [co2) = Icor)
Assist [k2) = |k3)

6 Mixed ki) = Icor)
Assist [va1) = lkan)

7 Capture [k1) = |c12)
Assist [cor) = lcr1)

8 Relaxation [Co2) = |co1)
Assist [c) = |ki)

It is written as,
cap _ cap + Scﬂp

Meciy — “Meecia M,eh,c12

27
_ e e e e
_?3( ci2 Tk +Ek3_ kz)
* *
X WM;CIZkBkal [ZWM,Clzkgkzkl - WM,C12k3k1k2]

X {(1 _f012)fk1(1 _fks)sz _fqz(l _ﬁq)fks(l _sz)}
+ %S(Eﬁu - Iil +E/il3h _Elilzh) X 2l Wt erokgykopks ?
X {(1 _.fCIZ)ﬁ(l(l _fksh)szh _f612(1 _fkl)fkah(l _szh)} (25)

The Coulomb scattering matrix element is Wasc), k54,1, Of the four-carrier DQD interac-
tion under the MNP effect, where M refers to the MNP, ¢1, refers to the |12) QD CB state,
and k; and k;, refer to the WL states according to the quantum numbers in the CB and
VB, respectively. Eﬁij is the QD electron energy of the |ij) QD CB state, E}; and E,i‘zh
respectively, that of WL CB electron and VB hole energies corresponding, respectively, to

are,

their wave numbers k; and kyj,. f; refers to the Fermi function of the referred state in the
QD or WL in the CB or VB. All these states and wave numbers are clarified in Fig. 2 above.

8(E) refers to the delta function. The Coulomb matrix element for the e-e interaction is

[10],
o Vepksloti @) Vepkskor (@)
WM,qzk?,kgkl (Q) = 51263(;)1 1 — cmil 1 (263)
kch

With the V¢ k4,4, is the interaction matrix element of the bare Coulomb potential and
€(g) is the dielectric function. To determine the Coulomb interactions for QD-WL-MNPs,

Page 9 of 25
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10)

12)

13)

5)

k,
kg

[13)

[03)
[12)
102)
[11)

[01)

21)
22)
123)

131)
32)
133)

kyp
Kop
kap

cap (pl)

relax (p4) mix (p6)

relax (p8)
y

4
cap(p2)

Figure 3 Scattering processes in the WL-DQD system. Each process has two lines of the same color for two
carrier processes (ee and eh or he and hh with e: electron and h: hole). Only the exchange process (black line),
contributed to by other processes, appears lonely. Cap: capture, relax: relaxation, mix: mixed, and exch:
exchange processes. The processes are numbered according to their appearance in Table 1. For example, p1
refers to the process no. 1 in Table 1

CB

VB

we have the following integrations:

Verakskok

In the z-direction, we have

- €y
V612k3k2k1 (Z) = 2—

2

€0 kz

X oy, @) €77 D1, (2)) Py ()| €7 i, ()

[Verskstor @) X (®cpp (5)| €787 | @1, () @iy (5)] €7 | i, (5)) )

+ Vaoz

(26b)

(26¢)

With chy(ﬁ) and ®y,(p) in Eq. (26b) are, respectively, the in-plane (o) wave functions of
the QD and WL in the CB. Also ®,,,(z) and @y, (z) in Eq. (26¢) are their corresponding in
the z-direction. Vyo, is the MNP potential between QD states |0) and |2) where the field
is applied. For the WL-DQD system with QDs of a quantum disk shape, it is written (in
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the z-direction) as,

62

= X
2€0kw

Zw
Vi, kskoky (2) / Aqgp, cos(kz,,2) exp(—ki2)A,, cos(kiz) dz
0

X / " A, cos(Ksz) exp(Ka2) Ay costknz) di (26d)
0

where k., is the QD wavenumber for the QD state, and /53 is the WL wavevector in the

QW sublevel, which is slightly different from that represented by ks.

3.6 OPW in the QD-WL interaction
In the p-dimension, some difficulty arises from considering the OPW, which is inevitable
in WL-QD transitions. In the g-dimension, each WL-WL integration has eight integra-

tions due to the consideration of OPW according to [9],

<q)/<2 |eiéﬁ | q)k3>

e v (AR AN (| [E AR B EATAT)

i J

= ]\[](2]\[1(3 {<q>?<2 elq»p’q>10(3> - Z(CDZZ elq'p|q)ii>(cbil’q>,°(3>
i
- Yl o g, o6 + (o e | g ool oz )} @)

i ij

with Ny, = \/1 — Zi(deiMDIiz) 2. Also, ®/, and CDZ/ are the QD wave functions for states |i)
and |j) and dJ}jj is the WL wave function before using OPW.

3.7 Scattering rates in the WL-DQD-MNP hybrid system
The other scattering rates in the WL-DQD-MNP hybrid system are listed in Table 1 and

shown in Fig. 3. Process no. 2 in Table 1 is defined as,

ap _ cap cap
S;/I,h,vgz - SM,hh,V32 + SM,he,V32

27
= 8(E" -E +E} —Eﬁ%)

ﬁ V32 1h 3h
sk *
X WM:VBZI(Bh/Qhklh [ZWM,ngky,kthlh - WM,vgzkg,hklhkzh]

X { 1 —=fus, )fkm 1 _fk3h )szh — o (1 _fklh )kah 1 _szh )}
2

+ S8 (Ey, ~ By, + By~ Ef,) X 21 Wikt |
x {(1 _ﬁsz)fkw(l _fks)sz _f1’32(1 _fklh)fk3(1 _ka)} (28)

hh and ke in the S rates are, respectively, refer to the hole-hole and hole-electron interac-

tions. Please return to Fig. 2 to know the numbering of states in this equation. Process no.
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3 in Table 1 is defined as,

relax  _ crelax relax
SM,e,Cm - SM,EE,CQI + SM,eh,C(n

2

2 e e e e
= ? X 2|WM,C()1/<3k2602| 8(E601 _EC()2 +Ek3 - k2)

X {(1 _f001)f602(1 _fks)sz _fC01(1 _ﬂoz)fks(l _sz)}

2

2 e e h h
+ ? X 2| WMvCOIkSthhCOZ| 5(EC()1 - Ecoz + Ek3h _Ekzh)

X {(1 —Jeor Ve (1 _fksh )szh —Jeor (L =fgs )fkah (1 _szh)}

Process no. 4 in Table 1 is defined as,

relax _ crelax relax
SM,e,cola ~ YM,eecola + SM,eh,cma
2w
_ 2 e e e e
7 X 2|WM,€01/<3011/<2| 6(Ec0] Ly +Ek3 _Ecn)

X {(1 = Jeor Wiy (L = feg ey = Jfeor (1 = fi Vs (1 _f011)}

2

2 e e h h
+ =X 2 Wit eorkspraike |8 (g, — Ef, +Ey, -E, )

X {(1 _fcm)sz(l _fkah)fvsl _fcm (1 _ﬁ<2)ﬁ<3h(1 _fvsl)}

(29a)

(29b)

Process no. 5 in Table 1, which is a Coulomb exchange contribution process, is defined as,

relax _ crelax relax
SM,E,C()lb - SM,ee,cow + SM,eh,L‘Olb

2
= ? X 2Re[WMCOIk3k2C02 W]t[ﬁmkgaozkz](s( eo1 ~ Ee +E/ig -

co1 02
S {(1 — Jeor Wean (1 = fas Wiy = Jeor (1 = fog Vs (1 _sz)}
27[ * e e
+ ? x 2 RC[ WMCOlthkzhCOZ WMc01k3hcozk2h]8 (EC01 - Ec02

X {(1 —Jeor e (1 _fksh )szh —Jeor (1 = fegy )fksh (1 _szh)}

h h
+ Eksh - Ek2h)

(29¢)

Re() refers to the real part. Note that the relaxations in processes 3 and 4 are used with the

Coulomb exchange part as follows,

Srelax _ z{zﬁm + Srelux relax

M,e,co1a M,ecorp

Additionally, define,
Srelax _ crelax + Srelax _ qrelax
M,ee,a — ©M,ee,cor M,ee,co1q M, ee,co1p
Srelax _ qrelax + Srelax relax

M,eh,a — °M,eh,cor M,eh,corg ~ ©M,ehcorp

(29d)

(29¢)

(291)
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The subscripts a and b are used to recognize these terms from the above terms that began
with the same QD state. Process no. 6 in Table 1 is a mixed process and is defined by

mixe. 2 e e
SM,ehficm = T X 2| Wt,co1kzpvarks |28(Ec01 _Elq + EZSI« _Ele)
X {(1 _.fCOI )ﬁ<1 (1 _fkgh)flm _fC()l (1 _fkl )fksh(l _fvzl )} (30)

Process no. 7 in Table 1 is defined as,

cap _ ccap cap
SM,e,cn - SM,ee,cua + SM,eh,cna
2

= —0(E;, - E;, +E. —E)

ﬁ €12 €11 €01

) )
X WMCIZCHCOlkl [2WMC]2611601/(1 - WMC]QCIlleO]]

X {(1 _fC12)fk1 (1 _an )fC(n _f612(1 _fkl)an(l _me)}

21 . .
+ ?5( c12 _Ekl +E1}/’31 _Ellle) X 2|"V/V1€12V31V21/<1 |2
S {(1 = Jer i (L= fus) Wiy = Jero (1 =S Yoy (1 _flm)} (31)

Process no. 8 in Table 1 is defined as,

relax _ crelax relax
SM,b,m - SM,eemla + SMveh:COIa

271(S
h

= —8(E;, —Ei, +E, —E))

01 €02 C11

* *
X WMCOII(ICHCOZ [ZWMcmklcncoz - WMC()lleozCll]

X {(1 _f001 )fmz(l _ﬁq )f511 _f601(1 _fCOZ)f/q(l _an)}

21 I "
+ —38(E¢ - ES +E., —E ) % 21 Wteoukyvarcon |

h €01 €02 V31

X {(1 _fcm )fcoz(l _fklh )ﬂfal _f601 (1 _fC(Jz )fkm(l _fV31)} (32)

4 Calculation scenario

Each of the scattering rates of these eight processes in Egs. (25), (28)-(32) is defined by two
types of parameters: the screened Coulomb matrix element W (for direct or exchange
process or both) and the Fermi distribution functions f; (or f,;). The first type, W, is
defined by Eq. (26a) for electrons (and a similar equation for holes), which is calculated
through Eq. (26b) and their related integrations in Egs. (26c), (26d) and the OPW de-
fined in Eq. (27). For the Fermi distribution functions, they are calculated by the distri-
bution functions (p;;) for their states (|0)...|5)), see Fig. 2. The distributions are defined
in Appendix B through the density matrix system equations. The first five equations in
Appendix B define these distributions as the occupation probabilities of the WL-DQD
states. The rest of the equations in Appendix B define the density operators (p;;) for the
interactions between WL-DQD states (|i) and |})).

The screened Coulomb matrix elements here obey the Markov approximation in the
time scale. Thus, the carrier population of the WL-DQD states is cast into the equation
p =8"(1 - p) - S°p [10]. Then, the scattering rates are prepared to this form in Ap-
pendix A before introducing them into the density matrix system, Appendix B.
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Table 2 The parameters used in the calculations

Parameter Symbol Value (unit) Ref.
The Lorentzian line width I'= ) 1/(2.5 ns) [30]
Dephasing time T 500 ps [31]
InAs QD dielectric constant & 15.15&¢ [32]
Damping constant of the bulk metal Voulk 0.1 (eV) [24]
Electron velocity at Fermi energy Ve 14 x 10° m/sec [24]
Plasma frequency of the metal Wp 2.5 (eV) [24]

Calculated QD Momenta

Momentum Value (nm.e) Momentum Value (nm.e)
Mo 13.2789 25 4.2353e-05
20 4.3492e-04 U35 4.2667e-05
03 0.0014 M4 6.1838e-04
3o 24485 oa 6.8385¢-04
3 6.2797e-04 o1 3.9315e-04

5 Results and discussion

MAOQOUD-37 software written in the MATLAB environment [9] was built in our laboratory
to interact with the optical properties of QDs, and it is used in many of our articles. Plas-
monic structures are also studied by this software [8]. This work involved strong coupling
between DQDs and MNPs. It has material properties. The calculations began with QD en-
ergy levels, transition momenta, and Rabi frequencies. In the literature, QD energy states
and momenta are taken from experimental values for materials different from those under
study. This simulation has another property. The Coulomb interaction between QDs and
MNPs is considered here, but this interaction is implicitly taken only through the Rabi
frequency in the literature. QD energy states are calculated via the quantum disk model
[29] and compared with experimental results [8]. The QD-WL-MNP scattering rates are
defined in Egs. (25) and (28)-(32). These equations are introduced to the density matrix
system equations in Appendix B, which are then solved via the Runge—Kutta method in
the MAOUD-37 software. The resulting energy states and momenta are listed in Table 2
for easy results. The pump and probe powers are defined by I; = c./g,80|E;|*/10%, where
i =0,1 is the probe and pump power, and E; is the intensity. The data used are listed in
Table 2.

5.1 DQD-MNPs in the presence of WL (OPW)

Figure 4 shows the capture and relaxation rates of the WL-DQD-MNP hybrid system. For
the in-capture rates, as shown in Fig. 4 (a), the WL hole in-capture rate S; (magenta curve)
is the highest. The peak rate is 0.135 ps~! and occurs at the WL occupation of electrons
paa = 0.4. This result is acceptable because the quantum well WL has many energy states
and becomes a carrier reservoir for QDs [33]. As a result, more carriers can enter the WL,
and a high carrier scattering rate is obtained. The QD electron rate S! (the red curve) is
less by one order, where its peak is 0.01 ps~!. After that, the QD hole rate S; appears (the
black curve). The QD in-capture rates of S? and S; are very low. For the out-capture rate,
as shown in Fig. 4 (b), the QD hole rate S; is the highest, and its peak is 0.135 ps~'. After
that, the QD electron rate S} is 0.01 ps~'. The WL hole rate S; then appears and is reduced
by two orders of magnitude from S;. The values of S¢ and S? are very small. Figure 4 (c)
shows the in-relaxation rates, which are the same for all the states. This is because of the
calculation method, which is abstracted in Egs. (A.2g), (A.2h) in Appendix A below. The
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Figure 4 (a) In-capture rates, (b) out-capture rates, (c) in-relaxation rates, and (d) out-relaxation rates of the
DQD-MNP hybrid system. These figures are plotted at Tig = 1500, /1 =8 x 1071°W,and lp = 107> W. The
MNP radius is ry = 8 nm, and the distance between the DQDs and the MNP is R =7 nm

in-relaxation peak occurs at ps4 ~ 0.4 and is reduced at complete WL occupation. Figure 4
(d) shows that the out-relaxation rate is one order longer than the in-relaxation rate. Ad-
ditionally, all the states have the same relaxation for the same reason. The results in Fig. 4
are consistent with those in [34], where the S;, in-and-out-capture rates are the higher
rates, having a peak, and the S, out-rate peaked at 0.12 ps~'. The excited-state in-capture
rate for holes is also the highest in [35]. The Pauli blocking is evident in the scattering rate
behavior in all panels of Fig. 4, where the rates vanish at complete occupation (p44 = 0.4).

Figure 5 shows the scattering times. Figure 5 (a) illustrates the electron capture time 7.
Figure 5 (b) shows that the hole capture time 7 is shorter than the electron capture time in
Fig. 5 (a) by one order. This result is with [36]. The electron capture time t, is longer than
the hole in [11] by more than one order of magnitude. The electron capture time 7, in [11]
is more significant than our results by ~ one order, demonstrating the ability of MNP to
shorten the scattering time. The excited-state capture time for holes in [11] doubles our
results. Figure 5 (c) shows the relaxation times for electrons and holes, respectively. As
the relaxation rates are similar (in relation), their times are identical. At zero and full WL
occupation, the relaxation times are high, while a dip occurs at psq ~ 0.45. The relaxations
are less than the hole (electron) capture time by one (two) order(s). The QD relaxation
times in [11] are shorter than the capture times, coinciding with our results.

Figure 6 shows the effect of changing the distance R between the DQDs and the MNP
on the scattering rate. Figure 6 (a) indicates that the S! in-capture rate is increased by
0.021 ps! and peaks at p44 = 0.65 when R is increased by 1 nm. Figure 6 (b) shows that the

S; in-capture rate is increased by 0.04 ps~!, corresponding to a more significant increase
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Figure 5 (a) Electron capture times, (b) hole capture times, and (c) electron relaxation time of the DQD-MNP
hybrid system. These figures are plotted at T1g = 150y, 1 =8 x 107"?W, and lp = 107" W. The MNP radius is
rm = 8 nm, and the distance between the DQDs and the MNP is R = 7 nm

in the hole capture rate. Figure 6 (c) shows that the S! out capture rate is increased by
0.004 ps~'. Figure 6 (d) shows that the S; out capture rate increment is 0.05 ps~'. Figure 6
(e) shows that the in-relaxation SZ rate increment is 0.05 ps~L. Figure 6 (f) shows that the
out-relaxation rate S is 0.02 ps~! at the complete occupation of pas. It was shown [37] that
QD-MNP properties develop with increasing interparticle distance R. Except for Fig. 6 (f),
the scattering rates peak at moderate WL occupation, while the difference between the two
curves is maximized at the peak.

Figure 7 shows the scattering rates at two values of tunneling T;¢ = 1500y, (blue curve)
and T = 15,000y, (red curve). The in—and—out-scattering rates with shallow values are
not shown here. The S! in-capture rate, Fig. 7 (a), is not changed under increased tunnel-
ing; this is also the case for S} out-capture rate, Fig. 7 (c). This result occurs due to the vast
distance (in energy) between DQD states in the CB, see Fig. 2, and the high relaxation rate
from states (greater by one order). So, even high tunneling does not change the situation.
The vast energy distance between CB QD states is assigned [29, 38]. The S;, in-capture rate
increases under increased tunneling, Fig. 7 (b). When tunneling is increased by one order,
S; in-capture rate is (approximately) doubled. Similar behavior for S; out-capture rate is
shown in Fig. 7 (d). This can be reasoned to the nearest VB QD energy states [29, 38], see
Fig. 2. As the relaxations are taken similarly, S? in-relaxation and S out-relaxation rates
are shown in Fig. 7 (e) and (f), respectively. It is shown that S} out-relaxation rate, Fig. 7 (f),
is reduced under tunneling; all other scattering rates contradict the behavior. The reason

for this is that with increasing tunneling, the carriers can be distributed between DQD
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Figure 6 Scattering rates at two different DQD-MNP distances: (a) S; in-capture rate, (b) Si in-capture rate, (c)
Sl, out-capture rate, (d) Si out-capture rate, (e) 52 in-relaxation rate, and (f) SS out-capture rate of the
DQD-MNP hybrid system. These figures are plotted at Tig = 150, /1 =8 x 107"2W, and lp = 107> W. The
MNP radius is ry, = 8 nm

states, and then, there is a possibility of filling new carriers in these states. This behavior
means increasing in-relaxation and reducing out-relaxation.

Figure 8 shows the scattering rates at two values of MNP radius. Figure 8 (a) for S! in-
capture rate and Fig. 8 (b) for S; out-capture rate. In both figures, the change in scattering
rate is marginal and occurs at moderate WL electron occupation p44. Such behavior occurs
because of the strong coupling, and then the system behaves as a whole, and the change
under structure parameters is small.

The eh and he (e: electron and h: hole) processes are essential in most of the processes
studied here and also to satisfy the stringent energy conservation conditions. Figure 9
shows the scattering rates under the approximation of neglecting these processes to see
their importance. The S? in-capture rate is shown in Fig. 9 (a) and S} out-capture rate is
shown in Fig. 9 (b). Also, the eh and he processes effect is marginal. Such behavior is also
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Figure 7 Scattering rates at two values of tunneling component: T1p = 1500y (blue curve) and

Tio = 150000, (red curve). (a) S; in-capture rate, (b) Sg in-capture rate, (c) S; out-capture rate, (d) Si
out-capture rate, (e) 52 in-relaxation rate, and (f) Si out-capture rate of the DQD-MNP hybrid system. These
figures are plotted at /; =8 x 1072/, and I = 10> W. The MNP radius is r, = 8 nm

shown in [39]. This work deals with the WL-DQD-MNP hybrid structure under strong
coupling. In both Figs. 8 and 9, the marginal change lies under the main effect of the MNP
potential.

6 Conclusions

In this work, Coulomb scattering rates in the WL-DQD-MNP structure are modeled con-
sidering the MNP potential, which was not modeled earlier. The strong coupling and the
OPW are considered. The Rabi frequency is normalized by considering strong coupling.
It is then solved in the density matrix theory, where the modeled capture and scatter-
ing rates are introduced. The highest capture rate occurs for the QD hole states with
the shortest capture times. The electron capture times are more significant than the one-
order-of-magnitude relaxation times. The capture rates increase with increasing distance
R between the DQDs and the MNP. Tunneling is of great importance in controlling the
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Figure 9 Comparison of scattering rates with the case of neglecting mixed processes (red line): r, = 4.5 nm
(blue curve) and (red curve). (a) Si out-capture rate and (b) Sg in-relaxation rate of the DQD-MNP hybrid
system. These figures are plotted at T1o = 150y0, /i =8 x 1072W, lp = 107" W and 1, = 8 nm

scattering rates. From a physical point of view, the scattering rates of the WL-DQD-MNP
hybrid structure studied here lie under the Pauli-blocking behavior in filling the states, the
energy distance between states, and the effect of the MNP potential under strong coupling.

Appendix A: Capture and relaxation rates

For some DQD states, there is more than one rate (capture or relaxation). Therefore, one
needs to introduce the total rate of entering the states. The occupation probability for the
states included in the Coulomb matrix element is defined as shown in Eq. (24). Taking
the matrix element Wy gk, ks, » the occupations associated with the in-scattering rate are
f,f’1 1- fkbg/)f,f’z/, while those associated with the out-scattering rate are (1 — fk]’1 )f,g(l - fkl’zl).
Then, the capture rate that comes from the mixing process in Eq. (30) is written as

Shtiena = Anfrlgﬁaim (Paa x (1 = pss) X pa2) (A.la)
Sf\ﬁ}% = S”/’éf;”im ((1 = pag) x ps5 x (1= p)) (A.1b)

The electron and hole occupation probabilities are p; for the |i) state of the DQD. Note
that p44 and pss refer to the WL CB and VB (states |4) and |5)) respectively, see Fig. 2. Ad-
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ditionally, there are many relaxation processes. The total relaxation rate must be collected.
Using Egs. (29b) and (29c), one can write,

Srel ,in relax

e = Shias (000 X (1= paa) X paa) (A.1c)

Sitons = Siitax (1= poo) X paa x (1= pas)) (A1d)
SR?;ZS Siclax (poo x (1= pss) X pss) (A.le)
Spebord = Srelx (1~ poo) x pss x (1— pss)) (A.1f)

Where Sy, Shebos, S;Z{ZZT S]’\f/ “ns are the in-and out-scattering relaxation rates for elec-
trons and holes from states |4), |5), respectively. Collecting Eqs. (A.1c) with (A.le) and
(A.1d) with (A.1f) to get,

rel,in rel,in rel,in

SMe,wpo = Sees + Sitens (A.lg)
rel,out rel,out rel,out

SMewn,0 = Sieed + Shens (A.1h)

Where the subscript WD is WL-QD transition. Additionally, there is another relaxation
transition. Using Eq. (29b) and (29¢),

zr\Zlelgl ;ZlZ:a(POO X (1= pag) x ,011) (A.2a)
St = Sielex (1= poo) X pas x (1= p11)) (A.2b)

poo % (1= pss) X p33) (A.2¢)

(1= poo) X ps5 % (1 - p33)) (A.2d)

M,eh,3 = Meha

((
Srel ,in relax (
((

Srel ,out _ relax
M,eh,3 = M eha

By combining equations (A.2a) with (A.2b) and (A.2c) with (A.2d), we obtain

rel,in rel,in rel,in

Site.pD0 = Siteen t Satens (A.2e)
relout  _ crel,out rel,out

SepD0 = Sieet + Saens (A.2f)

Where the subscript DD is for QD-QD transitions. Now, the total relaxation rate is,

rel,in rel,in rel,in

Sie0,0t = SMe wD,0 + SMe,DD0 (A.2g)
relout  _ crel,out rel,out

Sue0,t0t = SMe,wn,0 * SiMe,pD,0 (A.2h)

Where the subscript “tot” refers to the total rate. Also have, for the contributions to the
p11 from Eq. (25),

SIC\Z{;’éZu - IC\Zie €12 ()044 x (11— 1044) X 1044) (A3a)

Szcxzpe::tz = ;Zpeecu (1— paa) X pag x (1 - ,044)) (A.3b)

pas X (1= ps5) X pss5) (A.3c)

(1 - pas) x ps5 X (1= pss)) (A.3d)

M,eh,clz M,eh,c1o

Scap,out cap
M,eh,c1a — “M,eh,c12

((
Scap,in cap (
(
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By collecting equations (A.3a) with (A.3c) and (A.3b) with (A.3d), one gets,

Scap,in _ Scap,in cap,in
M,e,W,4 — “M,ee,ci2 M,eh,c12

cap,out cap,out cap,out
SM,E,WA - SM ee,c12 + SM,eh,clz

Additionally, from Eq. (31),

cap,in cap
SM»eevCIZa = SMvee:CIZa (1044 X (1 - pll) X IOOO)

Sj;{;';"jfza = Sj\ffze 12 (1= paa) x p11 % (1 = poo))

Scap,in cup

M,Ehyclza MEI’I ,C12a Pag X (1 1033 X p22)

SEZ’?ZZ; v 12 ((1 = paa) x p33 x (1= p))
By collecting Eqs. (A.4a) with (A.4c) and (A.4b) with (A.4d), one gets,

cap,in _ ocap,in cap,in
SM e,D4 ~ SM ee,C124 SM,eh,clza

cap,out _ ocap,out cap,out
SM,e,DA - SM,ee,clza + SM,eh,clza

With the total capture rates,

cap,in cap,in cap,in
SM e, l,tot — SM e, W,4 SM,e,DA

cap,out cap,out cap,out
SM e, l,tot — SM e, W,4 SM,e,D,4

For px

Scap,in cap,out

M,e2 ~ “Meh4

cap,out cap,in
SM e2 = SM eh,4

For ps3, using Eq. (28),

cap,in

Mhhy3y ~ Mhh v3p \P55 X (1= ps5) x pss)

,0ULt
S;%,Zﬁ,” /C\%,h 3 ((1 = pss) x pss x (1= pss))
Szcxﬁle},quz = 55\7[1;,6 v (055 % (1 = pag) X pas)
,0Ut
SZC\%,Z:,SZ = ]Cﬁe V32( — ps5) X pag X (1= paas))

Collecting Egs. (A.6a) with (A.6¢) and (A.6b) with (A.6d), one gets,

Scap,in _ ocap,in cap,in
M,e,5,tot — 9 M,hh,v3n + M, he,v3p

Scap,out _ cap,out Scap,out
M,e,5,tot — © M,hh,v3y M, he,v3o

Therefore, for ps33 and pss5

cap,in cap,in cap,in cap,out
Stes = Satesor AN Sy s =Sy o

(A.3e)
(A.3f)

(A.4a)
(A.4b)
(A.4c)

(A.4d)

(A.de)

(A.4f)

(A4g)
(A.4h)

(A.5a)
(A.5b)

(A.6a)
(A.6b)
(A.6¢0)

(A.6d)

(A.6€)

(A.6f)

(A.6g)
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cap,out _ ocap,out cap,out _ ocap,in
Smes =Smesior a0d Syios =Sys 0 (A.6h)

Now, for py4 in Egs. (A.1a), (A.1b), (A.3e), (A.3f), and (A .4e), (A.4f),

cap,in _ cap,out cap,out cap,out

Sutetor = Smewa + Siena T SMeDa (A7)
cap,out _ cap,in cap,in cap,in

Sutetitor = SMewa T Spena * SMena (A.7b)

Appendix B: Density matrix of the DQD-MNP system under Coulomb
scattering with OPW

Applying the density matrix formalism for the WL-DQD-MNP structure, as shown in

Fig. 2, under the rotating wave approximation, the change in occupation probability under

the probe and pump applied fields with Rabi frequencies Q¢, and €13 and the tunneling

component T7o with time is written as

. 1,i /, i ,out
Pi0 = Syiatrior(L = Po0) = (SietreorP00) + Syitana(1 = poo) = (il poo)

+iT10(p10 — po1) + i(202 — 1020)(P20 = P02) + iB03 (P30 — L03) + iBoa(Pa0 — Pos)
Pi1 = Shint (1= p11) = (Sebineo11) + Sitotsor(1 = p11) = (Siiesor11)
+iT10(p10 = po1) + iB12(p21 — p12) + iQ13(p31 — p13) + iP1a(pa1 — p14)
Prz = Siutuor(L = p22) = (Sietiorr22) = Sittes (L= Poo) + (Syies” Poo)
+if3(p32 — p23) + i(S202 — MP20) (P02 — P20) + iP12(P12 — P21) + iPas (P52 — P25)
P33 = Sz{if),tat(l ~ p33) = (Sjré{%,tmﬂ%) + S/C\Zi',ign(l ~ p33) = (S/C\Zi'gmpss)
+if30(p03 — p30) + i213(013 — p31) + iB23 (P23 — P32) + iB35(ps3 — P35)
Pia = Syt oe(1 = pas) = (SKEoet 1 pa) = Siiaoe (1= p11) + (Siiaroco1n)
+ iBao(poa — pao0) + ifar (P14 — par)
P55 = S;f[{i;’),tat(l = ps5) = (Sir\fll,’eo,gftotp%) - S;Z{:,isn(l —p33) + (S/C\Z{?e'gutp%)
+ifsa(p2s — ps2) + iPs3 (035 — Ps3)
p10 = =0 + y1)p10 + iT10(poo — p11) + (iB12020) + (iQ13030) + (iB14.00)
—i(Q02 = np20) P12 — iB30p13 — ifaop1a
020 = (P20(=iA20) = (Yo + ¥2)) + i(R20 — 1020)(Po0-p22) + (iB21p10) + iBa3p3o
— (iBaop2a) — iTr0p21 — (iB30023) — iB52025
P30 = (Yo + ¥3) P30 + iB30(poo-p33) + (if13010) + iB23 P20
—iT1op31 — i(S220 — MP20) P32 + (B35 050) — (iPao3a)
a0 = —(Yo + v4) pao — i(Q20 — 1MP20) Paz + iBao(L00-paa) + (iBa1p10) — iT10014 — (iB30043)
pa1 = —(v2 + y1)p21 + iB21(p11 — p22) + (220 — MP20) P01 + iB23 P31 + (iBasp51)

—iT10020 — (iBa1p24) — (i213023)
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p31 = —(y3 + y1)p31 +iQ13(p11-p33) + (if3001) + if23 P21

= iT10p30 = (if2132) + (iB35.051) — (iBa1034)
pa1 = =(ya + y1)par + iBa1(p11-paa) + (iBaopo1) — iT10pa0 — (iBa1pa2) — (iS213043)
P23 = (V2 + ¥3) 23 + iB23(p33 — p22) + (220 — 1020) P03 — iB53025 + (iB2113)

+ (iP5 p53) — (iBo3 p20) — (iBs3 p25) — (iS213021)
paa = (=y2 + ya) paz + i(Q20 — 120) P04 + iB21 pa1 — (iB1ap21) — (iBoap20) + iPazp3a
P25 = (=¥2 + ¥5)p25 + i(220 — 1020) P05 + iB25(p55 — p22)

+ifazpas — (iB3s p23) + (if21015)
035 = —(y3 + ¥5)p35 + ifazpas + iB3s(ps5 — p33) + (iB3000s) + (if31015) — (iBas032)
paz = —(ya + ¥3)pa3 + ifaopos + (ifa1p13) — (ifo3 pa0) — (i213041) — ifa3 paa
ps50 = —=(¥5 + ¥0)pso + iBs2020 + (ifs3030) — iT10050 — i(§220 — MP20) P52 — (iB30053)
ps51 = —(¥s + y1)ps1 + iBs2p21 + (ifs3031) — iT10p50 — (iB21052) — (iS213053) (B.1)

The electron and hole occupation probabilities are p;; for the |i) state of the DQD, while
the density operator p; defines the interaction between DQD states |i) and |j). B = % +

3r hiesc3
wy is the transition frequency between the |i) and |j) states in the WL-DQD structure.
The momentum of the transitions between the WL-QD and QD-QD transitions is ji;.

The momentum calculations are defined well in [16]. Based on the calculated momenta,

Tlt’ where A;; (= ) is the Einstein coefficient, t; is the dipole dephasing time, and

the normalized Rabi frequency is computed from Eq. (22a)-(22c). Then, B; is calculated
depending on the computed momenta values.
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