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Abstract
A superconducting microwave resonator is modiﬁed with several weak links to make
it nonlinear and operated as a phase-insensitive microwave ampliﬁer. Signal gain is
demonstrated by intermodulation with a strong pump. The gain is sharply frequency
dependent, and we demonstrate phase dependence by examining correlations
between the signal and one idler which is a 3rd order intermodulation product of the
pump and signal tones. A calibration procedure is described which is based on
measurement of both thermal and quantum noise, revealing that the following HEMT
ampliﬁer adds noise at 15 times the quantum limit. When operated as a
phase-insensitive ampliﬁer the nonlinear resonator added noise at 2.5 times the
quantum limit. Signiﬁcant power is found at intermodulation products beyond 3rd
order, which may be responsible for the inability to reach the quantum limit.
PACS Codes: 74.78.-w; 42.65.Yj; 85.25.Cp
Keywords: intermodulation; parametric ampliﬁer; quantum noise

1 Introduction
Minimal dissipation and a designable nonlinearity are the important attributes of superconductors which are enabling the development of quantum electrodynamic circuits.
These attributes are manifested in distributed microwave structures with eigenmodes that
are suitably modiﬁed by tunnel junctions or weak links to make them nonlinear. Such
circuits ﬁnd use in: single photon detection [], generating [] and routing [] single microwave photons, detecting the state of individual quantum bits [], and even as the qubit
itself []. An important general purpose application is microwave signal ampliﬁcation at
the quantum limit of added noise []. Here we present measurements of gain, noise and
intermodulation in a superconducting nonlinear resonator operated as phase-insensitive
signal ampliﬁer. Good agreement is achieved between measurement and a theory that
includes one parameter describing a cubic nonlinear term. However, we observe strong
response at high-order intermodulation frequencies which is not included in the theory.
We believe that power lost to high-order intermodulation is responsible for the inability
of the ampliﬁer to squeeze noise at the quantum limit.
2 Ampliﬁcation at the quantum limit
A fundamental theorem of signal ampliﬁcation states that any narrow-band linear ampliﬁer providing signiﬁcant power gain to a signal of arbitrary phase applied to its input,
must add noise at its output, where the added noise power per unit bandwidth, or added
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noise energy, is at least one half the zero-point ﬂuctuation energy at the signal frequency
[].

ENadded ≥ hfs


()

It is however possible to create ampliﬁers that are not subject to this minimum added noise
theorem. The phase-sensitive parametric ampliﬁer operates with a pump that periodically
modulates a parameter of a linear system. Signals which drive the system at half the pump
frequency are ampliﬁed when they are in phase with the pump, whereas quadrature signals
are de-ampliﬁed. This squeezing of a signal results in overall power gain, where power is
transferred from the pump to the signal, and it is in principle a reversible process that can
be performed with no added noise. Squeezing at the quantum limit produces a squeezed
vacuum state, as recently demonstrated [].
The utility of a phase-sensitive ampliﬁer is however limited to applications where one
has prior knowledge of the phase of the input signal, which is often not the case. A phaseinsensitive ampliﬁer is more useful as a general purpose measurement tool and there is
growing interest in phase-insensitive ampliﬁcation with noise performance at the quantum limit [–]. In its simplest form, phase-insensitive ampliﬁcation is realized when a
nonlinear system mixes two drive tones, a strong pump tone at frequency fp and a much
weaker signal tone at frequency fs , to generate an idler tone at fi = fp – fs . This mixing
can provide gain for arbitrary phase of the signal and squeezing becomes apparent in the
correlation between the externally applied signal tone and the internally generated idler
tone, which are both locked to the same pump. This type of squeezing is also in principle
a reversible ampliﬁcation of the signal which can be undone if both the signal and idler
are applied to another identical nonlinear resonator with an appropriately phase-shifted
pump. The reversibility of the process implies that it can be performed without added
noise.
The idler in this most simple case is generated by intermodulation of the applied signal and pump tones and it can be understood as resulting from a quadratic nonlinearity.
Consider a standing wave in a transmission line with a current-dependent inductance L(i).
The ﬂux Φ(t), which is deﬁned in terms of the potential at one end of the line, V = dΦ
,
dt
obeys a nonlinear equation of motion.

 dΦ

d Φ
+
Φ
+
+
gn Φ n = Φdrive (t)
(πf ) dt 
πf Q dt
n=
N

()

The coeﬃcients gn describe an arbitrary conservative nonlinearity of degree N and f and
Q are the characteristic frequency and quality factor of the linear resonator. To ﬁrst order
in the nonlinear perturbation, a drive consisting of two tones will generate a correction to
the linear response of the resonator containing terms of the form,

n
∼ gn As eiπ fs t + Ap eiπ fp t

()

Expanding this binomial, we see that the quadratic nonlinearity generates terms ∼ g ×
eiπ (fp ±fs )t which contains the idler discussed above.
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Generally, to any order in a perturbative expansion (so long as it converges) and for a
nonlinearity of arbitrary degree, response to a two-tone drive is generated only at frequencies which are intermodulation products of the drive tones,
fIMP = ns fs + np fp

()

where ns and np are integers. The order of the intermodulation product is given by
|ns | + |np |. In nonlinear optics second-order intermodulation is referred to as three-wave
mixing, describing the interaction of three electromagnetic waves travelling through a
medium having a χ or quadratic nonlinearity. This type of nonlinearity occurs in crystals which lack a point of inversion symmetry []. For superconducting resonators the
Josephson junction or weak link nonlinearity has a current-ﬂux relation which is an odd
function, i(+Φ) = –i(–Φ), leading to a nonlinear oscillator equation with only odd powers of Φ, i.e. Eq. () with geven = . Therefore second order intermodulation is typically
absent in passive Josephson devices. However, three-wave mixing or second order intermodulation can be realized in actively driven, or parametric Josephson devices, which are
non-reciprocal in nature [].
In the nonlinear resonator studied here we realized phase-insensitive ampliﬁcation by
third-order intermodulation of the signal and pump ( wave mixing) where the idler is
at frequency fi = fp – fs . This intermodulation product can be generated by a nonlinear
oscillator with a g coeﬃcient only, known as the Duﬃng oscillator or Kerr nonlinearity.
A detailed theory of the cavity parametric ampliﬁer perturbed by a Kerr nonlineary has
been worked out by Yurke and Buks [] and extended to the two port system measured
here []. When comparing our measurements to this theory we could produce excellent agreement between the theory and experiment by adjusting the parameters of the
theory [, ]. Here we extend this analysis to measurements of noise. We also present
measurements of higher order intermodulation products forming a frequency comb of
response near resonance. These products are typically not looked for in experiments on
parametric ampliﬁcation, but we found signiﬁcant power at these frequencies, especially
when measuring de-ampliﬁcation of a signal tone. We speculate that this higher order
intermodulation is responsible for not being able to eﬃciently squeeze with our ampliﬁer.

3 Experimental details and calibration
The nonlinear resonator is a thin-ﬁlm Nb coplanar waveguide (CPW) fabricated with
a photo lithography process by Star Cryoelectronics []. Input and output ports were
coupled to the resonator by interdigitating the center line of the resonator with tapered
CPW feed lines. We attempted to make asymmetric coupling with smaller interdigitating
length at the input, but we found that both ports had nearly the same coupling, indicating
the coupling is primarily due to fringing ﬁelds. The distributed resonator has a series of
eigenmodes when its length is close to an integer multiples of the electromagnetic half. Here we present measurements of the response in the vicinity of the
wavelength L  nλ

fundamental eigenmode (n = ) with f = . GHz. A nonlinear inductance was created by milling out a series of  weak links with a focused ion beam, each approximately
 nm× nm in cross section, placed close together in the middle of the resonator, where
the oscillating suppercurrent has an anti-node. The sample is ﬂip-chip mounted on to a
PC board which transforms the coplanar geometry of the chip to coax input and output
connectors. For further details and images see Ref. [].
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Figure 1 Schematic diagram of the microwave setup used to realize phase-insensitive ampliﬁcation
and homodyne detection.

A schematic diagram of the measurement setup is shown in Figure . The sample is
mounted in a dilution refrigerator with base temperature  mK. The pump and signal
tones are combined at room temperature and applied via a coax transmission line to the
resonator input. Two stages of attenuation at low temperatures are used on the input side
to bring the thermal radiation at the input into thermal equilibrium at the base temperature of the cryostat. Signals emerging from the output are sent through a circulator to
a cryogenic pre-ampliﬁer mounted at the  K stage of the cryostat. The circulator, with
the third terminal connected to a   termination acts as an isolator, protecting the resonator from the back-action noise of the cryogenic preampliﬁer. The signal at the output of
the preampliﬁer is ampliﬁed again by a room-temperature microwave ampliﬁer followed
by another isolator, and then an IQ mixer for homodyne detection using a phase-shifted
copy of the pump signal as the local oscillator. In this arrangement, both the signal and
idler tones will be coherently down-converted to the same frequency Δf = fs – fp . A variable delay shifts the phase of the pump signal, allowing one to probe the phase dependence
of the signal and idler gains, that is the squeezing.
The cryogenic HEMT ampliﬁer is the dominant source of noise in our setup. We tested
ampliﬁers from Miteq, Amplitech, and Low Noise Factory [], the later being far superior
to the others with   dB of gain in the band – GHz with a DC power consumption of
only  mW. The back-action noise from at input stage of the HEMT ampliﬁer is isolated
from the resonator and brought in to thermal equilibrium at the base temperature of the
cryostat by the   termination at one port of the cold circulator. If the   termination
on the circulator is in equilibrium with the cryostat’s calibrated restive thermometer, the
noise emitted from this   source can used to calibrate the measurement system. Noise
from this   source is measured in a very narrow frequency band (eﬀective bandwidth
. kHz) centred at the frequency fc . The measurement band does not overlap with the
resonance of the cavity so the noise is reﬂected at the output of the resonator, re-enters
the circulator, and is transported to input of the HEMT ampliﬁer. Thus the total noise
power per unit bandwidth measured at the output of the mixer comprises the noise from
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Figure 2 Microwave noise power is calibrated in a narrow band centered at the frequency
fc = 7.62 GHz, by varying the temperature of the 50  termination on the cold circulator.
A one-parameter ﬁt to Eq. (5), adjusting only the overall gain factor, allows for determination of the HEMT
ampliﬁers noise temperature TNHEMT = 2.62 K and observation of the quantum noise TQ = 0.18 K. The data
points in the inset are the quantum noise at diﬀerent center frequencies in the band of the HEMT ampliﬁer,
hfc
.
and the straight line is the expected behavior TQ = 2k
B

this   source, plus the added noise of the HEMT ampliﬁer.
ENtotal (T) = ENHEMT




hfc
,
+ hfc coth

kB T

()

where we have used the quantum expression for the ﬂuctuations from the   source.
This simple expression assumes that all inputs and outputs are matched to  , which is
the case.
We measured the noise as a function of temperature and ﬁt the theory Eq. () to the
measured data as shown in Figure , where the noise is expressed as an eﬀective temperature TN = EkNB . The least-squared ﬁt was obtained by adjusting only one parameter,
the overall scale factor on the vertical axis. This scale factor contains the gains and attenuations from all of the various components in our measurement chain, which would
not be easy to calibrate independently. At high temperatures kB T > hfc the data approach
the Johnson-Nyquist thermal noise from the   source, which the ﬁt determines as
the straight green line in Figure . The T =  intersection of this line with the noise axis
gives the added noise of the HEMT ampliﬁer, TNHEMT = . K. The diﬀerence between
the ampliﬁers added noise and the measured noise extrapolated to T = , is the quantum
noise, TQ . We performed this measurement at several center frequencies fc to verify that
hfc
the quantum noise determined by this ﬁtting procedure behaved as expected TQ = k
(see
B
inset of Figure ).
Thus it is possible to use noise to calibrate the microwave measurement chain against
the cryostat’s calibrated restive thermometer. We are also able to directly measure the
quantum noise with the HEMT ampliﬁer, which adds only TNHEMT  TQ to the total
noise. In contrast to two-point calibrations involving low temperature switches [], or
exotic hot quasiparticale noise sources [], this straight-forward calibration method is
rather simple to perform. Our conﬁdence in the accuracy of this method was bolstered
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Figure 3 Frequency response of the parametric ampliﬁer with the pump turned off and the pump
turned on. The pump frequency is fp = 7.6069 GHz which is 1.55 MHz below the resonant frequency of the
resonator in the linear regime. The pump power is –83.8 dBm at the input of the sample box. The red line is a
ﬁt to the theory made by adjusting the strength of the Kerr nonlinearity.

when we observed that problems with the   source not being in thermal equilibrium
with the cryostats thermometer were clearly evident in the poor quality of the ﬁt to Eq. ()
to the data []. This calibration method has been use for Planck spectroscopy of thermal
microwave states [].

4 Measurements and analysis
Signal ampliﬁcation by the nonlinear resonator is demonstrated in Figure  which shows
a measurement of the signal transmission when the pump power and frequency are ﬁxed
at Pp = –. dBm and fp = . GHz, very close to bifurcation point of the nonlinear
resonator. In this measurement the signal source and mixer are replaced by the output
and input ports of a network analyser respectively, and the signal power is ﬁxed to Ps =
–. dBm while its frequency is swept. The measurement was calibrated so that  dB
corresponds to unity transmission between the input and output connectors of the board
on which the chip is mounted. The transmission curve at this signal power (green data in
Figure ) in the absence of the pump is also shown in Figure  which is well described by
the Lorentzian lineshape of a driven, damped harmonic oscillator with resonant frequency
f = . GHz and width γ =  kHz (Q = πγf = ,).
When the pump is turned on we observe gain in a rather narrow band which is sharply
peaked at zero detuning between the pump and signal, with a maximum gain of  dB
(blue data points in Figure ). Using the values of f and Q determined from the transmission curve in the linear regime, and the value of a cubic nonlinear term determined by
ﬁtting transmission curves at many diﬀerent signal powers, when the resonator is in the
nonlinear regime (data not shown) we could calculate the theoretically expected frequency
dependent gain [, ] (red line in Figure ). Good correspondence with the measured signal gain is seen over many times the resonator bandwidth. We found that including the
nonlinear damping parameter in the theory did not improve the quality of the ﬁt.
In a previous publication [] we reported a detailed study of the pump power and phase
dependence of the signal and idler gain, where excellent agreement with theory [, ] was
found. We were not able to achieve equal magnitude of the ampliﬁcation and deampliﬁcation of a signal, which we understood as most likely being the result of too weak coupling
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Figure 4 Phase dependence of the noise power in a 30 kHz bandwidth, with the pump on (green) and
pump off (red). The solid line is the theoretical expectation taking in to account the frequency dependence
of the gain. Instabilities in the ampliﬁer cause jumps in the measurements.

of the input and output ports. Here we report noise and intermodulation measurements
which were made in a subsequent cool-down of the sample. The thermal cycling of the
sample caused a slight shift of the bifurcation point and for the following measurements
the working point of the pump was fp = . GHz and Pp = – dBm.
With the signal turned oﬀ we measured only the noise in a  kHz bandwidth as the
phase shifter is varied. Note that here we are measuring noise close to resonance, so the
noise measured is inside the cavity and it is eﬀected by the noise entering from both the
input and output ports. In Figure  we see that noise at the output of the mixer is clearly
phase-dependent, verifying that intermodulation with the pump is causing a correlation
of the frequency components of a random signal that are equally spaced from pump,
fp ± Δf . We see that when the phase shifter is adjusted for minimum noise (maximum
de-ampliﬁcation) we recover the independently measured value of the HEMT ampliﬁers
added noise . K. This value is the same as the noise measured when the pump is oﬀ
(red data in Figure ). When the phase shifter is adjusted for maximum gain we ﬁnd that
the nonlinear cavity ampliﬁer adds and additional . K of noise to the total noise power.
Taking in to account the frequency dependence and phase dependence of the gain, we can
estimate the phase dependence of the total measured noise as,

TNtotal (φ) = TNHEMT +

 kHz



G(φ, f ) TQ + TNNLO df

()

where TNNLO is the temperature of the added noise of the nonlinear oscillator. This theoretical curve is shown in Figure  with TNNLO = . K. The jumps observed in the measured
data are due to instabilities of the nonlinear oscillator which is biased close to the bifurcation point.
In another measurement we applied a signal with ﬁxed frequency with Δf = fs – fp =
 kHz and measured the power spectrum at the output of the mixer over a much wider
frequency band corresponding to ∼ Δf . This measurement was made by Fast Fourier
Transform (FFT) of the output of the mixer with a  kHz resolution bandwidth, where
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Figure 5 Power spectrum measured at the output of the mixer when a signal is applied at
Δf = fs – fp = 10 kHz. Measurements are shown when the pump is on (blue) and when the pump is oﬀ
(green), for two cases: (a) the phase shifter is tuned for maximum ampliﬁcation, and (b) the phase shifter is
tuned for maximum de-ampliﬁcation. The measurement reveals both signal and noise gain, and the
additional peaks at integer multiples of Δf are due to higher-order intermodulation products of the signal
and pump.

, power spectra were averaged. To avoid Fourier leakage between diﬀerent components in the spectrum, we synchronized the microwave generators and the sampling clock
on the ADC, and we chose both pump and signal frequencies to be integer multiples of
the sampling frequency.
Figure  shows the averaged power spectra when the phase shifter is adjusted for maximum ampliﬁcation (Figure (a)) and maximum de-ampliﬁcation (Figure (b)). Measurements with the pump both on and oﬀ are shown in each ﬁgure. For these measurements,
the power is normalized so that  dB corresponds to the pump oﬀ noise level. Comparing
the height of the signal peak at  kHz for the pump on and pump oﬀ case, we ﬁnd  dB
of ampliﬁcation and  dB of de-ampliﬁcation of the signal tone. Also evident is a large
number of peaks at integer multiples of Δf , corresponding to higher order intermodulation products of the signal and pump. Between the peaks we can see the noise level, which
reveals the frequency dependence of the ampliﬁers gain. In Figure (a) we ﬁnd that the
signal-to-noise ratio (SNR) at  kHz improves by a factor of . when the pump is on.
Since the pump oﬀ noise is measured to be that of the HEMT ampliﬁer, we can determine
the added noise of the nonlinear oscillator to be TNNLO = TNHEMT /. = . K, consistent
with the previous measurement.

5 Discussion and conclusions
The peaks in Figure (a) and Figure (b) at integer multiples of Δf correspond to odd order intermodulation products (e.g. fp ± fs , fp ± fs , fp ± fs , fp ± fs etc.). It is diﬃcult to
pin-point the source of these higher order intermodulation products: They may be generated in the nonlinear resonator as a result of expansion coeﬃcients gn with odd n > 
in Eq. (), or from the g term in higher order perturbation theory. Nonlinearity of the
mixer may also generate these higher order intermodulation products. In any case, participation of both signal and pump is required, and power is taken from the signal band in
their creation. The amplitude of the higher order intermodulation products is quite large,
with the th order product exceeding the signal amplitude at maximum de-ampliﬁcation
and intermodulation up th order can be resolved above the noise. These higher order
products are clearly diminishing our ability to measure gain and deampliﬁcation of the
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signal, and we speculate that they also inhibiting the measurement of noise squeezing at
the quantum limit.
One way in which one might control this loss of power to higher order intermodulation is to ﬁlter the higher-order IMPs by designing a system where the linear response is
negligible at undesirable intermodulation products. Another strategy would be to design
a drive consisting of a frequency comb with the amplitude and phase of each component
appropriately tuned to cancel the undesired response. In fact, these IMPs can be measured
in a phase-coherent way and used for accurate reconstruction of the actual nonlinearity
[]. Development is under way to make system which will allow for driving and measuring response with arbitrary, phase-coherent frequency combs [].
In this paper we measured intermodulation response near one resonance and analyzed
the data within the context of a basic theory of a nonlinear system with only two degrees
of freedom, i.e. one oscillator equation describing one eigenmode of the transmission line
[]. A distributed system actually has many standing waves and the ideal transmission line
has resonances at integer multiples of the fundamental resonant frequency, nf . Deviations
from this ideal behaviour occur due to ﬁnite coupling to input and output ports, as well as
the frequency shift due to the linear part of the weak-link inductance. Because we observe
IMPs of th order near the fundamental resonance, one really should examine the ﬁrst 
eigenmodes to determine if they are excited by harmonics or intermodulation products
of the signal and pump. If so, we expect additional loss of signal power, diminishing the
performance of the ampliﬁer. Since the frequencies of these higher eigenmodes are out of
the band of our HEMT ampliﬁer, we are unable to measure their response and typically
they are not measured in other experiments with cavity parametric ampliﬁers. Note however, that we do not expect excitation near even multiples of f because geven =  for the
nonlinear oscillator considered here. The excitation of higher eigenmodes by harmonics
and intermodulation might be avoided by designing lumped-element resonators with a
more complicated mode structure [], but it is a potential problem in designs which use
separate transmission line resonators to store the signal and idler []. Filtering response
at higher harmonics and higher order intermodulation products is generally more diﬃcult to achieve when the quality factor of the eigenmodes is decreased to achieve larger
bandwidth of the ampliﬁer.
In conclusion, we have realized phase-insensitive ampliﬁcation of a microwave signal at
. GHz using a nonlinear superconducting resonator pumped close to bifurcation. A peak
gain of  dB was realized, but it was strongly frequency-dependent in a narrow band with
a  dB bandwidth of only  MHz. We used a calibrated resistive thermometer to calibrate
the microwave noise measurement and with the following HEMT ampliﬁer we measured
the standard quantum limit on noise, TQ = khf , where the noise temperature of the HEMT
B
ampliﬁer was only TNHEMT = . K, corresponding to TQ . When operated as an ampliﬁer
the nonlinear resonator achieved  dB of signal gain in a  kHz bandwidth with noise
temperature TNNLO = . K, corresponding to .TQ . We were not able to demonstrate
squeezing of vacuum ﬂuctuations by examining correlations between the signal and rd
order idler. Correlations involving higher order idlers were not examined.
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